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Conventions.

All fields are assumed perfect.

In the following and unless expressly mentioned a curve will always be a projective
smooth absolutely irreducible variety of dimension 1 over a field K.

We will try to keep the notation k for a field of characteristic p > 0 (mostly F, with ¢
a power of p or an algebraic closed field) and K for any field.

The number [ will always be a prime different from the characteristic p of K.
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Chapter 1

Zeta functions of curves over
finite fields

1.1 Introduction

We are going to study curves over finite fields. That has two important specificities that
we can roughly express as :

1. We are working in characteristic p # 0 : there is no Lefschetz principle to say ‘let’s
say we’re working on C'.

2. We can obtain quantitative information because ‘things are finite’.

To be a bit more precise, we gather here good and bad aspects of the domain.
Geometry :

e Inseparable morphisms. Here the theory of scheme shows its whole power. For
instance if E/k is an elliptic curve, consider the kernel of the map [m]. We have
|E[l](k)] = I? but |E[p](k)] = p or 1. Looking at E[p] as a scheme one can
get back the ‘missing points’ : indeed in the first case E[p] = (Z/pZ) x p, where
pip = Speck[T]/(T?—1) and in the second case E[p] = a7 where a,, = Speck[T]/T?.
Both last schemes are groups schemes whose underlying set has a single point but
with ‘multiplicity’ p. We will try however to avoid speaking about these difficult
notions.

e Differentials : all the problem is that the derivative of 2P is 0. Example of problems
: the Hessian of a plane quartic is 0 in characteristic 2,3. So we cannot determine
easily the flexes (and in fact their behavior is special).

e We cannot apply transcendental methods (or the constructions are much harder).
For instance, the description of the fundamental group by loops, the description
of abelian varieties as tori.

e Fortunately a lot of things remain true or have direct generalizations : Riemann-
Roch theorem, Jacobian ,...
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Arithmetic :

e Finite fields are much easier than number fields. As a trivial example, an extension
is completely characterized by its degree. Then, actually to study global questions
one first has to understand the local question.

e We can compute things : for example there is only a finite number of curves of a
given genus up to isomorphism over a fixed finite fields. So if one wants to prove
something by brute force attack in such a situation it is (sometimes) possible. It
is also easier to construct examples and to test conjectures. One understands why
computer softwares play a big role in this area.

e Curves over finite fields and number fields have an exact dictionary. This is a part

of it :

Number fields Algebraic curves
place point
degree number of points

log |discrim| <= genre
class group Jacobian

So more or less when we are studying curves, we are studying number fields. Thus
curves over finite fields should be simpler than curves over number fields. In a
certain sense, they are even easier than number fields : a lot of conjectures are
proved for curves and remain open for number fields (Riemann conjecture).

The main object associated to curves (and to number fields) is the Zeta function. It
contains in particular the number of points of the curve over any extension. Zeta func-
tions contain also geometric information. The relations between geometry and arith-
metic through this function will be the red line of this part.

Acknowledgments. The results presented in this part are mostly issued of [Sil92] for
elliptic curves and [Mil98] for abelian varieties.

1.2 Zeta function of curves over finite fields

In 1949, André Weil made a series of very general conjectures concerning the number of
points on varieties defined over finite fields. We restrict to the case of curves.

Let k = F; and for all n > 1, let k, be the extension of degree n of k. Let C/k be a
(projective smooth) curve of genus g over k.

Definition 1.2.1. The Zeta function of C over k is the power series

2(0/k;T) = exp (Z |c<kn)|%"> .

n=1
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Theorem 1.2.1 (Weil conjectures). With the above notations, we have the following
properties.

1. Rationality :
Z(C/k;T) € Q(T).

2. Functional equation :

Z(C/k;1/(qT)) = (aT*)' 7 Z(C/k; T).

3. Riemann hypothesis :
there exists a polynomial f € Z[T] of degree 2g such that

29
F(0) =110 - Ta)
i=1
with |a;| = \/q for all i and such that
Ty f(T)
AT =y = gr)

Corollary 1.2.1. We have |C(Fpn)| =1+ ¢" — 32, of.

Proof. We have

log(Z(C/k;T) =Y |C(ka)|T"/n = log(f(T)) —log(1 —T) — log(1 — qT)

= Zlog(l—aiT)+ZT”/n+Zq"T"/n
= Z(—Z(az-”)+1+q”>T"/n

O

Example 1. Consider the elliptic curve : E/F7 : y?> = 3 +2. It has 9 rational points,
namely (0:1:0),(0:3:1),(0:4:1),(3:1:1),(3:6:1),(56:1:1),(5:6:1),(6:1:
1),(6:6:1). So we must have

T2 +T+1

Z(E[F7;T) = 1-T)(1-17T)

In particular the number of points of E[Fyg is 1 +49 — (12 —2.7) = 63 (which can be
checked with a computer).
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These conjectures were solved by Weil (in the case of curves and abelian varieties). The
general case was solved by Deligne in 1973.
The first case g = 0 can be done by hand : indeed |P'(k,)| = ¢" + 1 so

1

Z(P'/k;T) = exp(—log(1 — T) —log(1 — ¢T)) = (1-T)(1—qT)

Now a genus 0 curve C/k is always k-isomorphic to a non degenerate plane conic.
Chevalley’s theorem shows then that this conic has always a rational point so in fact C
is also k-isomorphic to P'.

The next case, g = 1, is the case of elliptic curves. We will prove it in details in the next
section. Indeed, a lot of the ideas to attack the general cases are already used there. We
will not however give all details for the general proof. In particular the cohomological
material will be some kind of black box that we will use without explicit description
(see 5.2.4).

1.2.1 The case of elliptic curves
Tate module

Let E/K be an elliptic curve and m > 2 be an integer prime to the characteristic of K.
We know that
E[m] ~Z/mZ x Z|mZ,

this isomorphism being one between abstract groups. However the group E[m]| comes
equipped with more structure. Namely, each element of the Galois group Gal(K/K)
acts on E[m]. We thus obtain a representation

Gal(K/K) — Aut(E[m]) ~ GLy(Z/mZ).

This representation is not completely satisfactory because it is generally easier to deal
with representations whose matrices have coefficients in a ring of characteristic 0. What
we will do is to fit them together :

Definition 1.2.2. Let E be an elliptic curve and | € Z a prime. The (l-adic) Tate
module of E is the group
T(B) = tim B[,

the inverse limit being taken with respect to the natural maps
(] : E[I"*Y — E[I"].

Since each E[I"] is a Z/I"Z-module, we see that the Tate module has a natural
structure as a Z;-module.

Proposition 1.2.1. As a Z;-module T)(E) ~ Z; X Z;.

Now the action of Gal(K/K) on each E[I"] commutes with the multiplication by [I]
maps used to form the inverse limit, so Gal(K/K) also acts on T}(E).
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Definition 1.2.3. The l-adic representation (of Gal(K/K) on E), denoted py, is the
map
pr: Ga(K/K) — Aut(Ti(E)).

The Tate module is also a useful tool for studying isogenies. If
¢: E1 — FEo
is an isogeny then it induces a map
¢ Ty(Er) — Ti(Ea).
We thus obtain a homomorphism
Hom(FE1, E2) — Hom(T;(E1), T;(E2)).

It is not hard to show that the above homomorphism is injective (see Prop.1.2.6), but
we need the stronger result.

Theorem 1.2.2. Let E1 and FEs be elliptic curves. Then the natural map

Hom(E1,E5) ® Zy — Hom(T}(E1), Ti(Es))
¢ = &
18 injective.
Proof. We start by proving the following statement. Let M C Hom(E1, Es) be a finitely
generated subgroup and let

MY = {¢$ € Hom(E}, Es) : [m] o ¢ € M for some integer m > 1}.

Then MYV is finitely generated.

To prove this, we extend the degree mapping to the finite dimensional real vector space
M ® R, which we equip with the natural topology inherited from R. Then the degree
mapping is clearly continuous, so the set

U={¢pecMQR,deg ¢ <1}

is an open neighborhood of 0. Further, since Hom(E1, E») is torsion-free [Sil92, I11.4.2b],
there is a natural inclusion
Mdiv cCM ® R

and clearly
MY Ny = {0},

since every non-zero isogeny has degree at least 1. Hence MY is a discrete subgroup of
the finite dimensional vector space M ® R, so it is finitely generated.
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We turn now to the proof of the theorem. Let ¢ € Hom(E;, F3) ® Z; and suppose that
¢l = 0. Let
M C Hom(El,E’Q)

be a finitely generated subgroup so that ¢ € M ® Z;. Then with the notation above
MYV is finitely generated, so it is also free (since it is torsion-free). Let ¢1,...¢; be a
basis of M4V and write

¢=aip1 + ...+ apdy with o; € Z;.

Now choose a1,...,a; € Z so that a; = a; (mod (™). Then the fact that ¢; = 0 implies
that the isogeny

¥ =lai]dr + ... + [a]dy
annihilate E1[I"]. It follows that 9 factors through [I"] so there is an isogeny

A € Hom(E, Ey) with ¢ = [I"]A.
Further, X is in M4V so there are integers b; € Z such that
A= [bi]p1 + ...+ [be] .
Then since the ¢;’s form a Z-basis of M4V, we have
a; = 1"b;
hence a; = 0 (mod [™). Since this holds for all n, it follows that all a; = 0,80 ¢ =0. O

Remark 1. Be careful : this result cannot be obtained merely by tensoring with Z; on
the left : indeed we get only that End(F1, E2) ® Z; — Ms(Z;) ®z Z; and this last one is
much bigger than My (Z;).

Corollary 1.2.2. Let E; and Es be elliptic curves. Then Hom(FE1, Es) is a free Z-
module of rank at most 4.

Proof. Since Hom(FE1, Es) is torsion-free, it follows that
rankzHom(E, E3) = rankz,(Hom(E, E2) ® Z;).
Now we have the estimate
ranky, Hom(E1, Es) @ Z; < ranky, Hom(T}(E1), T;(Es)).
After having chosen bases we see that
Hom(Ti(E\), Ti(E2)) ~ Ma(Zy),

which gives the result. O
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Remark 2. By definition an isogeny is defined over K if it commutes with the action of
Gal(K/K). Similarly, we can define

Hom (Ty(F1), Ti(F»)) := Hom(Ty(Fr), Ty (7)) /1.
Then if K is a finite field (or a number field (Faltings)) we have that the natural map
HOIIIK(El,EQ) Q Zy — HOmK(Tl(El),Tl(EQ))

is an isomorphism. This is an important theorem, valid for any abelian variety as we
will see in 1.4.
Weil pairing

We want to add structure on the Tate module. This is achieved by the Weil pairing.
Let E/K be an elliptic curve. We fix m > 2 prime to the characteristic of K.

Let T € E[m]. Then there is a function f € K(E) such that div(f) = m(T) — m(O).
Letting 7" € E with [m]T" =T, there is g € K(E) such that

div(g) = [m]*(T) = [m]"(0) = }_ (T'+R)~(R)
ReE[m]

(indeed, the degree of the divisor is 0 and Y (T" + R) — (R) = Y. T' = m?T' = mT = O
in E).
One verifies that the functions g™ and f o [m] have the same divisor :

div(fe[m]) = div([m]"f) = [m]*div(f) = [m]"(m(T)—m(0)) = m[m]"((T)—(0)) = div(g™).

So up to a scalar, f o [m] = g™.
Now suppose that S € E[m], then for any point X € E,

9(X +8)™ = f([m]X + [m]S) = f([m]X) = g(X)™.
Hence we can define a pairing
em : E[m] x E[m] = um,

by setting
’ En(S,T) = g(X + ) /9(X).

This pairing is called the Weil pairing.
Proposition 1.2.2 ([Sil92, II1.8.1]). The Weil pairing is :

1. bilinear : Em(Sl+SQ,T) = Em(Sl,T)ém(SQ,T) a’ndém(s, T1+T2) = Em(S, T1)€m(5, TQ).

2. alternating : €,(S,T) = e, (T,S)~ .
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3. non-degenerate : if €,(S,T) =1 for all S € E[m)], then T = 0.
4. Galois-invariant : for all 0 € Gal(K/K),
en(S,T)" =€n(S7,T7).
5. compatible : if S € Elmm/] and T € E[m] then
Cmm (S, T) = € ([m']S, T).

Corollary 1.2.3. If E[m]| C E(K) then py, C K*.

Proof. The image of €,(S,T) as S,T range over E[m]| is a subgroup of p,, say equal
to pg. It follows that for all S,T" € E[m],

1 =2,(S,T)% = &,([dS,T).

The non-degeneracy of €,, implies that [d]S = O, ans since S is arbitrary, we must have
d = m. Finally if E[m| C E(K) then from the Galois invariance of the €,, pairing we
see that €,(S,T) € K* for all S,T. Therefore u,, C K*. O

The Weil pairing has also a nice interpretation with respect to the dual.
Proposition 1.2.3. Let S € E1[m],T € Ez[m] and ¢ : E1 — E3 be an isogeny. Then
en(S, $(T)) = 2w ((5),T).

Proof. Let div(f) = m(T) — m(O) and f o [m] = ¢ be as above. Then
em(4(5),T) = g(X + ¢(5))/9(X).
Choose a function h € K(E) so that
¢*(T) — ¢*(0) = §(T) - (O) + div(h).

Such a function exists because qAﬁ(T) is precisely the sum of the points of the divisor of
the left-hand side of the equality ([Sil92, I11.6.1]). Now

div (%) — g div(f) — mdiv(h) = m($(T)) — m(O)

Thus from the definiti Efﬁ])m N (;{[[:nn]]fm = (g—m) [m].

em(S,(T)) =

and

(god/hom)(X +S)
(g 0 ¢/ho[m])(X)
9((X) + ¢(5)) _ h(im]X)
9(6(X))  h([m]X + [m]S)
= en(¢S,T).
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Let [ be a prime different from the characteristic of K. We would like to fit together
the pairings
em : E[I"] x E[I"] =

for all n to give an [-adic Weil pairing on the Tate module
e TY(E) x TY(E) = Ty(p)

where
T/L ——hmun:Z
l( ) ¢ l l

We need only to check the compatibility
€n+1 (S’ T)l = e ([l]S’ [l]T)
which follows from Prop.1.2.2 (1) and (5).

Proposition 1.2.4. There exists a bilinear, alternating, non-degenerate, Galois invari-
ant pairing
e : Ti(E) x Ty(E) — Ti(p)

such that if ¢ : E1 — FE5 is an isogeny, ¢ and qAS are adjoints for the pairing.

‘Weil conjectures : g =1

Theorem 1.2.3. Let k be a field with q elements and E/k be an elliptic curve. Then
there is an a € Z so that

1—aT +4qT

ZEIET) = =Ty 0 - 1)

Further Z(E : k;1/qT) = Z(E/k;T) and
1—aT +qT? = (1 — oT)(1 — BT) with |a| = |8] = /4.

Corollary 1.2.4. With the notations above, there exists a polynomial (called the Frobe-
nius polynomial of E/k)

x:=T*—aT +q= (T —a)(T - p)

such that |E(k)| = x(1) and for every extension k, of k of degree n, E(k,) = (1 —
a")(1—p").

For the proof we will need the following lemma.

Lemma 1.2.1. Let ¢ € End(E). Then

det(¢) = deg(¥) and tr(yh) = 1+ deg(t) — deg(1 — 9).
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Proof. Let v1,v9 be a Z;-basis for T)(E) and write the matrix of 9; for this basis as
a b

er(v1,v2) 38 = ¢ [deg( )v1,v2)

We compute

P, v2)
(11, Yva)

(

= ey
(

= e(avy + cve, buy + dvo)
(
(

Il
o

)ad be

det(
vy, v9)4€ (1)

Since e; is non-degenerate, we conclude that deg(v) = det(¢;). The second part is
classical. n

Proof. Let m: E — E be the g-th power of Frobenius endomorphism (review of basic
properties of Frobenius is given in Appendix 5.2.1). Since 1 — 7 is separable (because
the map (1 — m)* is the identity on the regular differential and so is not 0), we have

|E(k)| = deg(1 — ).

Similarly for every n > 1 and for every extension ky, of degree n, |E(ky,)| = deg(l —#"™).
From the previous lemma, the characteristic polynomial of m; has coefficients in Z, so
we can factor it over C :

det(T — m) = T? — tr(m)T + det(m;) = (T — a)(T — f).
Further, since for every rational number m/n,
det((m/n) — m) = det(m — nm)/n? = deg(m — nx)/n? > 0,
it follows that the quadratic polynomial det(7T — ;) has complex conjugate roots. Thus
laf =[] and
af = det(m) = deg(r) = g,

we conclude that |o| = |B] = /g
Finally we note that the characteristic polynomial of 7} is given by (T — o™)(T — "),
0

o0

log Z(E/k;T) = Y _(|E(ka)|T"/n)
= Z(l —a" =p"+¢")T"/n
n=1

= —log(1—-T)+log(l —aT)+log(l—pBT) —log(1l —qT)

which concludes the proof. O
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Remark 3. If we let T' = ¢~ ° then we have

Ce/k(s) = Z(E[k,q°)

and the functional equation reads

Ce/e(l —s) = Cryr(s),

which is an analog for elliptic curve of the Riemman Zeta function for Q. Further if
Cr/k(s) = 0 then |¢°| = /g, so R(s) = 1/2.

The general case follows more or less the same pattern. The main difference is that
the elliptic curve is its own Jacobian. Moreover when the dimension is > 2 we have to
deal with divisors that are not the sum of points. And the last difference is that the
real analogue of an elliptic curve is not only an abelian variety but an abelian variety
plus a polarization. All these will prevent us to give a complete proof but we want to
introduce the main process and the concepts because there will be also useful in the rest
of the course.

For the basic material about abelian varieties and Jacobians we referee to the Appendix
5.1.

1.2.2 Endomorphisms of abelian varieties

We are first going to show that End®(A4) = End(A4)®Q is a finite dimensional semi-simple
algebra over Q. Recall that a finite dimensional K-algebra M is called semi-simple
if it is isomorphic to a direct sum of simple M-modules (i.e without any non-trivial
submodules). For instance, if D is a division algebra then M, (D) is simple. In fact M is
semi-simple iff it is isomorphic to a direct sum of matrix algebras over division algebras.
The first result establishes the existence of ‘complementaries’.

Proposition 1.2.5. Let B be an abelian sub-variety of A. Then there exists an abelian
variety B' C A such that BN B' is finite and B+ B' = A, i.e B x B' — A is a isogeny.

Proof. Choose a polarization A on A and define B’ to be the reduced sub-scheme of

the zero component of the kernel of A A A - B. This is an abelian variety. From
the theorem on the dimension of fibers of morphisms, dim B’ > dim A — dim B. The
restriction of the morphism A — B to B is the restriction of the polarization A, which is
a polarization on B and so has finite kernel. Therefore B N B’ is finite and B x B’ — A
is an isogeny. O

Define an abelian variety to be simple if it has no proper nonzero abelian sub-
varieties. Let a € End(A). The connected component of ker(a) containing 0 is an
abelian variety and so it is either A or 0. Hence « is either 0 or an isogeny. In the
second case, there is an isogeny 3 : A — A such that f o a = n for some n € Q. This
means that o becomes invertible in End(4) ® Q = End’(A4). From this it follows that
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End®(A) is a division algebra (and so is simple).
Now because of the proposition, we know that for every A there exist a decomposition

A~ AT X - X AT

where each A; is simple and A; is not isogenous to A; for i # j. The above remark
shows that

End’(4) ~ H M,,(D;), D; = End°(4;) a division algebra.

This proves that End’(A) is semi-simple.

Reciprocally, if End®(A) ~ M; x M, let e; be the 2 idempotents of the decomposition
(i.e €;(M) = M; and e; + e; = 1). There exists an integer n > 0 such that E; = ne; €
End(A). One has the exact sequence

0 — A[n] = E1(A) X E3(A) - A— 0.

So A is isogenous to E1(A) x Eqy(A).
How to find explicitly the numbers involved and the division algebras D; will be ex-
plained in the case of finite fields in 1.4.

Proposition 1.2.6. For any prime | # Char(K), the natural map
Hom(A, B) — Hom(Ty(A), Ti(B))
is injective. In particular Hom(A, B) is torsion free.

Proof. Let ¢ : A — B be a homomorphism such that ¢; = 0; Then ¢(A[I"](K)) = 0 for
all n. For any simple abelian sub-variety A’ of A this implies that the kernel of ¢|A’ is
not finite and so equal to the whole of A’. It follows that ¢ = 0. O

We have like for elliptic curves even a stronger result (the proof is similar [Mil86,
Th.12.5)).

Proposition 1.2.7 ([Mil86, Th.12.5]). For each prime |l # Char(K) the natural map
Hom(A, B) @ 7y — Hom(Ty(A),Ti(B))

is injective with torsion free cokernel. So Hom(A, B) is a free Z-module of finite rank
< 4dim A dim B.

Let o € End(A).Now we want to introduce the characteristic polynomial of a. By
analogy with the complex setting, it is defined as

Po(T) := det(a — TId|V;(A)).

It is a monic polynomial of degree 2g. It seems that it is a polynomial with coefficients
in ( so depending on [. However we have the important result.
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Theorem 1.2.4 ([Mil86, Prop.12.9]). P, is independent of the choice of | and has
coefficients in Z. In fact we have for all v € Z, Py(r) = deg(a — ).

When K is a finite field and a = 7, the Frobenius endomorphism, we write y := P,
and we call x the Frobenius polynomial. This polynomial will be a fundamental tool in
the study of curves over finite fields as we will see in the next section.

For further use, we need at last the following proposition.

Proposition 1.2.8 ([Mil98, Cor.9.24]). Let o € End’(A) and assume that Q[a] is a
product of fields. Let Co(X) be the characteristic polynomial of o acting on Qe (e.g if
Qla] is a field, this is the minimum polynomial of o). Then

{a € C|Cy(a) =0} = {a € C|P,(a) = 0}.

1.2.3 Proof of Weil conjectures for curves

We are now going to sketch a proof of Weil conjectures. We will give two proofs for the
rationality. The first one is elementary (due to Schmidt, see [Lor96]) and the second one
uses the étale cohomology. The second one relates clearly the problem on curves with
the study of the Frobenius polynomial. At last, we will prove the Riemann hypothesis
and the functional equation thanks to the Rosati involution (note that there exists also
a ‘elementary’ proof due to Bombieri).

In the following C will be a curve over k = F; of genus g > 1. We will denote J = Jac(C).

Theorem 1.2.5. We have

f(T)
(1 =T)(1 - qT)

Z(C/k;T) =

with f(T) € Z[T) a polynomial of degree at most 2g. Moreover |Pic®(C)| = f(1).

We first need to give another form to the Zeta function. Let denote

z2(r):= [ @-7")t e QT

PeC(k)/G

the formal series where G = Gal(k/k) and |G - P| denote the cardinal of the orbit of P
under G.

For every n > 1 denote b, = |{P € C(k)/G, |G- P| =n}. The integer b, is well defined
because these points are on C(k,). More precisely they belongs to C(k,) and not to
any C(ky) for d|n. We get actually

Ny = dbg.

dln
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Now

log(Z(T)) = log (H<1—Td)”d)

So Z(T) = Z(C/k;T).

Proof. Starting with the expression Z we get

2 = [ a-7ory
PeC(k)/G
= Z deg(D)
DEESR(C/k)

— Z Z deg(D)

LePic(C/k) \ DEES(C/k)
deg(L)>0 (D)~L

where Eff(C/k) denotes the group of effective divisors of C' defined over k. Note that
an element D € Eff(C/k) is not necessary the sum of points in C(k) (it is enough that
it is G-invariant).
Denote

E;, :={D € Eff(C/k)/(D) ~ L}.

We want to use Riemman-Roch theorem to compute explicitly the order of this set, at
least when the degree of L is large enough. Starting from the last expression

Z(T) = Z By |Tdeg(L) + Z |E, |Tdeg(L)_
LePic(X/k) LEPic(X/k)
0<deg(L)<29—2 deg(L)>2g—1

By Riemann-Roch [(L) = deg(L)—g+1+I(k—L) and when deg(L) > 2g—1,l(k—L) =0

so we get
deg(L)+1-g _ 1
q
Bl = ————



1.2. ZETA FUNCTION OF CURVES OVER FINITE FIELDS 21

(note that Er, = P(L(L))).

To shorten a bit the proof (but the arguments remain the same), we suppose now that
C(k) # 0. Then it is clear that the map deg : Pic(C/k) — Z is surjective and that
the kernel Pic®(C/k) = J(k) is finite of order h (in the general case, we have to use
Riemann-Roch again to prove that the kernel is finite, see [Lor96, VIII.6.1]). Therefore
for all d € N, the set Pic?(C/k) has order h. It follows that

Z |EL ‘Tdeg(L)

LEPic(X/k)
0<deg(L)<2g—2

is a polynomial in T of order at most 2g — 2. In the same way

d+1—-g __ 1

L) _yp. ¢ "=
Z \EL|TdegL =h Z o T,

LEPic(X/k) d>2g—1
deg(L)>2g—1

After an easy computation, one finds for this last expression

S Y @t =g (-0
d>2g—1

where u(T') € Z[T] is a polynomial of degree at most 2g. It follows that

f(T)
(1-T)(1—qT)

Z(C/k;T) =

with f(T) € Z[T)] a polynomial of degree at most 2g. Moreover from expression (1.1)
we have

. n h
Jim (T~ 1)Z(C/kT) = =

Remark 4. Note that we have also |J(k)| = f(1) if C(k) = 0.

The second proof uses the Lefschetz fixed-point formula. Let 7 : Cp — C} the ¢-
Frobenius map. P € Cy is a fixed point of 7 iff P € C(k). Thus with the notations
of 5.24, |C(k,)| = L(n",C). As C is smooth and projective we can compute these
numbers via the Leftschetz fixed-point formula (note that 1 — dn™ = 1 is injective on
the regular differentials). We find

|C (kn)| = tr(n"|H"(Cet, Q) — tr(n"[H (Cet, Q1)) + tr(n" | H? (Cet, Q1))

7™ acts on H(Cg, Q) (which is one dimensional) as the identity and on H?(Cy;, Q)
(which is also one dimensional) as ¢". So substituting in the definition of the Zeta
function, we have

Z(Clk;T) = iaxp (Z T”/n) exp (— Ztr(ﬂ"\Hl(Cét,Ql))T"/n> exp (Z q"T"/n)}.

7\ 7\

~~

=1/(1-T) —det(1—aT|H'(Cer,Q)) =1/(1~qT)
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Then we know that H'(Cg, Q) is functorially isomorphic to H'(Jac(C)e;, Q) which is
functorially isomorphic to V;(Jac(C))*. By functoriality we get also that = induces the
Frobenius endomorphism of J/k and

det(1 — T/ H (Cet, Q) = T2x(1/T)

which proves the rationality.

Thus to prove the functional equation and the Riemann hypothesis it is enough to
study the roots of the Frobenius polynomial. Let J the Jacobian of C' and X its canonical
(principal) polarization. Note that as the polarization is principal, { defines an involution
of End(J).

Lemma 1.2.2. We have wo ! = [q].

Proof. We can prove that by using the Weil-pairing. Indeed we have for the canonical
generator o € Gal(k/k) : a — a? and for all S,T € T;(J)

e} (S, T)? = €S, T%) Galois invariance
e} (w(S), w(T)) because the Galois action = geometric action
= eMmonl(S),T) see 5.1.4
Now
A o _ A q _ A
e (8,T1)” = €(5,T)" = ¢/ ([¢)S,T)
and we have the result because e;\ is non-degenerate. O

We see that the morphism #f is in fact the Verschiebung (see 5.2.1).

Lemma 1.2.3. Let ¢ € End(J) such that ¢t o1 is an integer r. Then Q) contains
no nilpotent element. Moreover for any root o of Py, |a|? = r. In particular if ¢ = 7
we obtain the Riemann hypothesis.

Proof. Prove the first assertion. Suppose that (Q(1)) contains an nilpotent element S # 0.
Then ' = BT # 0 because tr(887) > 0 (Th.5.1.3). As A’ = A'f this implies that
tr(8'?) > 0 so 82 # 0. Similarly, 8/ # 0, and so on, which contradicts the nilpotent of
8.

We can now prove the second part. Note that Q(¢)) is stable under 1. As Q(¢)) contains
no nilpotent elements, it is a product of fields. The tensor product Q(¢) ® R is a copy
of R and C. Moreover 1 extends to an R-linear involution of Q(a) ® R and tr(818) > 0
for all # # 0 with inequality holding on a dense subset. It follows easily that each factor
S of Q(%) ®R is stable under { and that t is the identity map if S is real and is complex
conjugation is K is complex. Thus for each homomorphism j of Q(¢) into C, j(') is
the complex conjugate of j(1)). The hypothesis of the theorem states that [j(1)|? = r.
We can then conclude using Prop.1.2.8 because the roots of Py(X) are the same (as a
set) as the root of the characteristic polynomial of 9 as an element of Q()). O
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Let us finish with a proof of the functional equation. We first show that if « is a
root of x then g/a = @ also (in the sense that real roots have an even multiplicity).
As x has integer coefficients, it is clear that if xy(a) = 0 then y(a) = 0. We have
then only to concentrate on the case a real. Then a = +,/q. Suppose a = —,/q. As
Hfil a; = degm = ¢9 there must exist an other negative roots. So real roots come
always by pair.

We show now that this property implies the functional equation :

[122,(1 — i/ (4T))
(1-1/(Tq))(1 - 1/T)
(qT)~29 - qT? - T(qT — o)

Z(C/k;1/(qT))

(Tq —1)(T —1)
_ ot e J[((am)T — i)
B (1-T)(1 - qT)
_ - Ly @T - 1)
—  PItlp29+2, H(al) . 0T qD)

And we have the result as we know that {@;} = {®;} with multiplicities.

Remark 5. Note that for all n, 1 — #™ is étale (because it is the identity on the tangent
space). So its kernel is finite and equal to the degree of the map. So

| (kn)| = |ker(L —7")| = | deg(1 — ") = [T(1 — af).

In particular |J(k)| = x(1) = f(1).

1.3 Hasse-Witt matrix and p-rank

This is part of [Ser58]. In this section X is an (algebraic smooth, projective) curve of
genus g defined over an algebraic closed field k of characteristic p > 0.

1.3.1 Differentials and Weil differentials

We give a classical interpretation of H!(X,0) (see also [Sti93, IV.3]). Let K = k(X)
seen as a constant sheaf on X with O as a subsheaf. From the exact sequence

0—-0—K—K/O—Q0,
one deduces the associated cohomology sequence :
K — H(X,K/0) — H(X,0). (1.2)

Let R be the adele of K : an element of R is a family {r;},cx where r; are elements
of K belonging to O, for all but a finite number of z. The elements for which r,
are all in O, generate a subring R(0). One embeds diagonally K in R. One has that
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R/R(0) is canonically isomorphic to H°(X, K/O) and the exact sequence (1.2) gives an
isomorphism
R/(R(0) + K) ~ HY(X, 0). (1.3)

The space R/(R(0) + K is called the space of Weil differentials. In fact, by duality one
knows that H'(X,0) ~ H°(X,Q!)*. The duality can be expressed with the bilinear
form (cup-product) :
<Tryw>= Z resy (ryw).
T

Remark 6. If w is a differential and z a point of the curve, let us write w = P(t)dt. One
can develop P locally in t as a Laurent series P(t) = Y a;t* € k((t)) and res,(w) = a_;
(this is an extension of the usual definition for classical analytic function).

1.3.2 The Hasse-Witt matrix

Let F : H'(X,0) — H'(X, ) the p-linear operator induced by F : X — X. We want
to find ‘its matrix’. Note that the identification (1.3) transforms F' in the pth power of
R. By using the duality R/(R(0)+ K) with H°(X, Q') one sees that there exist g points
Pi,..., P, such that if ¢1,...,t, are uniformizers at these points, the adeles r; = {r; ;.}
where 7, = 0 if x # P, and r;; = 1/t; if ¢ = P, are a basis of the k-vector space
R/(R(0) + K).

Let A = (ai;) the matrix of F relative to this basis. By definition

’I‘gj = Zaijrj (mod R(O) + K)
Definition 1.3.1. The matriz A is called the Hasse-Witt matriz of X.

We will need some notions of the Jordan reduction of F'.

Definition 1.3.2. Let n be an integer. An additive mapping F : Vi — Vo between two
k-vector spaces is said to be p"-linear if it satisfies F(\x) = \P" F(z) for all X\ € k and
all x € V7.

Let F be a p-linear endomorphism of a finite k-vector space V. This operator
has no obvious characteristic polynomial attached. But the space V has a canonical
decomposition

V=VsaV, (1.4)

where V; and V,, are stable by F', F' being nilpotent on V,, and bijective on V;. The
dimension of Vi and V,, are denoted respectively v and v. These numbers remind
invariant by a change of basis. One can show also that V; has a basis e,...,e, such
that F(e;) = e; for all i. The vectors v € V such that F(v) = v are linear combinations
of the e; with coefficients in F,. They form a finite group V¥ of order p”.

Let V* the dual of V. The transposition F’ of F is a p~!-linear endomorphism defined
by the formula :

< F(v),v* >=<uv,F'(v*) >P.
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To the decomposition (1.4) corresponds the dual decomposition
Vi=VvieV.

If €/ is the dual of e; they form a basis of V" and we still have F'(e}) = e} and F'(v') =o'
iff v’ is a linear combination of €] with coefficients in F,. These v’ form a group dual to
VE.

One can apply this to our case.

Definition 1.3.3. One calls the integer 0 < v < g the p-rank or Hasse-Witt invariant
of X.

Remark 7. One can see that « is the rank of the matrix AA® ... A®*™Y),

Remark 8. This invariant is only a particular case of invariants one can obtain : see
[Kan85].
1.3.3 Cartier operator

Let t € k(X) be a function which differential dt is not 0. Each function f may be written
in a unique way as

F=10+ ft+ . fy P fi € k(X).

One has easily f5—1 = —dP~Lf/dtP—L.
Let w = fdt be a differential. We denote

C(w) := fp—1dt.
Definition 1.3.4. The p~!-linear map C is called the Cartier-(Tate) operator.
One can prove that :
1. C does not depend on the choice of ¢.
2. C acts on the regular differentials.
Proposition 1.3.1. One has the following properties :
1. C(w1 4+ we) = C(w1) + C(w2).-
2. C(fPw) = fO(w).
3. C(df) =0.
4. C(fPldf) = df

The regular differentials df are called exact differentials. One has in fact that w is exact
iff C(w) =0.

The regular differentials df /f are called logarithmic differentials. One has C(df/f) =
C(fP~df /fP) = C(fP~Ydf)/f = df /f. A theorem of Jacobson shows that w is logarith-
mic iff C(w) = w.

This operator is related to our original problem via the following proposition.
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Proposition 1.3.2. C: HY(X, Q') — H(X,€) is the transpose F' of F.
Proof. Let w be a regular differential and r be an adele. One has to show that

<rPiw>=<r Cw)>?.

But this is
Z resg(rfw) = Z resg (rzC(w))P.
T T
This is a direct consequence of res;(m) = res;(C())?, where 7 is any differential. O

1.3.4 p-torsion

This important operator allows us to get information on the p-torsion part of the Jaco-
bian.

Proposition 1.3.3. Jac(X)[p](k) is canonically isomorphic to the additive group of
reqular logarithmic differentials. In particular it is a finite group of order p”.

Proof. We define an application 9 : Jac(X)[p](k) — H(X, Q).

Let d € Jac(X)[p](k) and D be a divisor in the class of d. Since pd = 0 there exists a
function f # 0 such that pD = (f). Let w = df/f. If one changes D to an equivalent
divisor D + (g), one multiples f by ¢g? and this does not change w. One can then put
w=9(d). If z € X the equation pD = (f) shows that f = t*u where u is a unit in O
and df /f = du/u shows that df /f is regular in z. So 9 is well defined.

It is easy to see that ¢ is injective. Let us show that the image of ¥ is the regular
logarithmic differentials. Let w = df/f be a regular logarithmic differential. As w is
regular, for every point z € X, the order of f at z is divisible by p. This means that
(f) = pD and w = 9¥(d) where d is the class of D.

For the last point, we know that w is logarithmic iff C(w) = w, ¥ is then an isomorphism
of Jac(X)[p](k) onto the fixed points of C. O

We can use this proposition to extend the definition of p-rank to an arbitrary abelian
variety. In fact our original definition of the p-rank (and Cartier operator) is also valid
for abelian varieties. In particular we confuse the notion of p-rank of X or of its Jacobian.
An other important remark is that we know now that the p-rank is invariant by isogenies.
Indeed let A : A — B be an isogeny of degree d. Then we have for all n A(ker([p"])(k) C
ker([p"])(k) so p™"4 = |ker([p"])(k)| < dker([p"])(k) = dp™® so ya < vp. As there
exists also an isogeny from B — A we have then v4 = yp. As a consequence, if
A~ Ay x Ay then YA = YA; T VAs-

Is this invariant related to something else 7 In fact we have an easy way to compute it
when £ is the algebraic closure of a finite field k.

Theorem 1.3.1. Let X (resp. A) be a curve of genus g (resp. an abelian variety of
dimension g) defined over ko = Fyn. The Hasse- Witt invariant of X (resp. A) is the
sum of the multiplicities of the nonzero roots of the reduction modulo p of the Frobenius
polynomial of X (resp. A) over k.
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Proof. This follows from Manin’s formula [Man61]
det(m — tId|Vi(A)) = (=1)9t det(n — tId|H*(A,©O)) (mod p)
where 7 is the Frobenius endomorphism of A (and A may also be Jac(X)). O

Remark 9. Note that we use m in the formula which is a linear operator on k£ and not
F (and so it has a meaning to speak about characteristic polynomials). One says that
7 linearizes F (see [BGI7]).

Manin’s formula gives more information than the p-rank : it says that in the case of a
curve, the characteristic polynomial modulo p is given by the action of a ‘power’ of C
on a basis of differentials. In particular :

IX(k)| =1—=tx(CoC®...c° ) (mod p).
This idea has been exploited in [BGS04] to give an algorithm to compute the Frobenius
polynomial of a genus 2 curve over .
1.3.5 Examples and applications
Example of elliptic curves

Let E be an elliptic curve. One has dim(H°(E,Q;)) = 1 so the Hasse-Witt matrix is
only a scalar A. If p # 2 one can write E under the form E : y?> = f(z). A base for the
regular differentials is for instance dz/y. One can distinguish two cases :

1. A #0: then we have that |E[p](k)| = p' = p. We say that the curve is ordinary.

2. A =0 : then we have that |E[p](k)| = p° = 1. We say that the curve is supersin-
gular. Note that this is equivalent to the fact that the dual isogeny Fr : E®) — E
is purely inseparable (and also the Verschiebung V : E — E), since the map
[p] : E — E is purely inseparable.

We want to understand when these zeros occur.

Theorem 1.3.2 ([Sil92, V.4.1]). Let E : y?> = f(x) be defined over the finite field
k =T, of characteristic p > 2.

1. E is supersingular iff the coefficient of P~ ' in f(37)(p_1)/2 18 zero.
2. Let m = (p—1)/2 and define the polynomial
B =S (m) i
=3 (1)
Let f(z) = z(x — 1)(x — X). E is supersingular iff X is a root of Hp.

8. The polynomial H,(\) has distinct roots in k.
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Proof. We are going to prove the first point.
Let z € k. Then the number of points in E(k) with abscissas = is 0,1 or 2 and is equal
to f(x)@1)/2 £ 1 (seen as an integer). So we have the formula

[BE(R) =1+q+ Y fl@)@ D2,
z€k
which gives modulo p (or seen in k)

B =1+ Y f() V72

€L

S {—1 if g — 1i

e 0 otherwise.

We have now easily that

Since f has degree 3, if we multiply out f(x){Y/2 and sum over z € k, the only
non-zero term comes from z? 1. Hence if we let

Ay = coefficient of 29 1in f(x)(qfl)/2

then
|E(k)] =14+ A, =1 —tr(m)

where 7 : E — E is the Frobenius endomorphism. Now A; = 0 <= tr(m)
(mod p). But # = [tr(7)] — 7, so

1l
o

A, =0 <= 7 is inseparable <= F is supersingular.
It remains to show that A, = 0 iff A, = 0. Writing
F(@) @02 = ()@ D2 f () D2y
and equating coefficients (remember f is a cubic) yields

_ p"
Apr-i-l — Ap’l‘ Ap

(this reminds us of the strange matrix multiplication of p-linear operators in remark 7)
and we have the desired result by induction on r. U

Remark 10. For other characterizations of supersingular elliptic curves, see [Sil92, V.3].
Note that (3) shows that there is roughly (p — 1)/12 classes of supersingular elliptic

curves up to [F,-isomorphism.

An important question is the following : let E/K an elliptic curve defined over a
number field. For all but a finite number of primes, F has good reduction. How big
is the set of primes for which this reduction is supersingular 7 When the curve E has
complex multiplication, one can prove that this set has density 1/2. However when E
has not complex multiplication, the answer is not known. However When FE is defined
over Q, Elkies [E1k87] proved that this set is infinite. The answer in higher dimension
or genus is even more subtle. One only knows for example [BG97, Prop.5.1]
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Proposition 1.3.4. Let A/Q be an abelian variety of dimension g > 2. Then there
erists a set of primes with positive density for which yagr, > 2 for all p in this set.

Remark 11. There exists a kind of converse proposition to Elkies’ theorem [Cha00] : let
X be a curve defined over a number field K and w a differential. One supposes that for
almost all prime p, w (mod p) is a exact differential (resp. logarithmic). Then w is an
exact differential (resp. there exists an integer n > 1 such that nw is logarithmic). One
cannot use this theorem to prove Elkies’ : indeed E (mod p) supersingular implies that
there exists a regular logarithmic differential but it has not to be dz/y (only a scalar
multiple of it, different for each p). But one can use it to prove that there exists an
infinite number of p for which the curve is ordinary (because otherwise there would exist
a regular exact differential on E/K.

Application to modular curves

In the case of modular curves, the problem of p-rank distribution has been approached
in [BGY7]. First, thanks to the Eichler-Shimura congruence, there is a nice way to relate
the Hecke operators with our problem :

Proposition 1.3.5. The Hasse- Witt invariant of X (N), := Xo(N)®F, (p not dividing
N ) is the sum of the multiplicities of the nonzero roots of the reduction modulo p of the
characteristic polynomial of T, on So(Xo(N)).

Moreover

Proposition 1.3.6. For almost all prime p, vx,(n), = 0 implies T, = 0.
The set of primes for which vx,n), = 0 and Jac(Xo(N),) is not F,-isogenous to a
supersingular abelian variety is finite (see 1.4 for the definition of supersingular).

Proof. Let us prove the first point.

As the p-rank is invariant by isogeny, we may consider a factor A = A; of Xy(N)
associated to a newform f € S3(N). Let f1,..., fy be a basis of newforms and hy, ..., hy
be a basis of forms with integral coefficients. Let M = (m;;) be the matrix of the change
of basis, so that hj = >~ m;;f;. Let ¢ denote an upper bound of the values |m;;| and let
Q denote the set of primes such that m;; is p-integral, p not dividing N, and /p > 2gc.

If fi =3 s0ai(n)g™, hi =Y ,50ci(n)g", then we get

lej(P)] = | > mijai(p)| < ¢ lai(p)| < 2gv/p < p

for all p € Q. Assume now that ,(A) = 0. If the entries of the matrix M are p-integral,
we must have ¢;(p) = 0 (mod p) for 1 < i < g (because the eigenvalues of T}, are the
ai(p) and are all congruent to 0 by Prop.1.3.5). If p € Q, we therefore get c;(p) = 0.
Since M is invertible, a;(p) = 0. Then we see that 7}, = 0. O

We will give some statistics about this problem in the tutorial 6.4.
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Application to quartics in characteristic 2

Let X be a curve a genus g over k of characteristic p = 2.

Definition 1.3.5. One calls theta characteristic the class of a divisor 9 such that 29 = k
the canonical divisor.

Let t € k(X) be a separating variable (i.e dt # 0). Then the divisor of the differential
dt is of the form 2D( and the class of Dy does not depend on the choice of t. We call
the class of Dy the canonical theta characteristic and denote it by 9.

Proposition 1.3.7 ([SV87]). There is a %—linear bijection from the space of regular
ezact differentials onto L(Dy).

There is a canonical bijection between the set of regular logarithmic non-zero differentials
and the set of non-canonical theta characteristics which sends w to the class of %div(w).

Proof. Let f € k(X). Write f = f&+ f?t, then df = f2dt and df is regular iff div(f;) +
Dy > 0 that is fl S L(Do)

For the second part : let w = dh/h # 0 be regular. Then, by an easy local computation
in characteristic 2, one sees that div(w) = 2D for some divisor D. Since dh # 0, h is
not a square, that is D is not equivalent to the divisor %div(dh), which represents the
canonical theta characteristic.

Reciprocally, let D be a divisor which represents a non-canonical theta characteristic.
Then 2D is equivalent to 2Dy, say 2Dy — 2D = div(h) for some h € k(X). Since div(h)
is divisible by the characteristic, the logarithmic differential dh/h is regular. Since D is
not equivalent to Dy, h is not a square, that is dh # 0. Since div(dh) is equivalent to
Dy, we conclude that fdiv(dh/h) is equivalent to D. O

Suppose now that X is non-hyperelliptic of genus 3. Then X may be canonically
embedded as a plane quartic. Since the positive canonical divisors are exactly the
intersection divisors of X with the projective lines, we see that the positive divisors
which represent theta characteristics correspond bijectively to the bitangents of the
quartic X. By Clifford’s theorem, in each theta characteristic there is at most one
positive divisor. Thus the number of bitangents of X is 7,4,2 or 1 if vy =3,2,1 or 0.
Remark 12. When p # 2, one can show that a smooth quartic has exactly 28 bitangents.

When X is ordinary, by sending 4 of this bitangents to the lines x = 0,y = 0,z =
0,z 4+ y + z = 0 one obtain the canonical model

Proposition 1.3.8. An ordinary quartic is isomorphic over Fy to the model
(az? + by? + c2® + dzy + exz + fyz)? = zyz(z +y + 2)
with
abc(a+b+d)(a+c+e)(b+c+ flla+b+c+d+e+ f+1)#0.

Conversely, every curve which satisfies this condition is an ordinary non hyperelliptic
curve of genus 3.

Remark 13. In [NRO3], models (even rational models) for the other cases of p-rank are
given.
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1.4 The structure of abelian varieties over finite fields

Let A be an abelian variety defined over a finite field k. We would like to understand
the structure of A, for example how it decomposes up to isogeny. These problems are
in fact reflected in the endomorphism ring of A. And fortunately for us, a part of this
structure is contained in the Frobenius polynomial.

More precisely we are considering the following category :

objects : abelian varieties over k ;

morphisms : Mor(A, B) = Hom(A, B) ® Q := Hom’(4, B).

This category is called the category of abelian varieties up to isogeny over k, Isab(k),
because two abelian varieties become isomorphic in Isab(k) iff they are isogenous (over
k). We already know (Sect. 1.2.2) that every object in Isab(k) is a direct sum of a finite
number of simple objects. In order to describe such a category, it is enough to list the
isomorphism classes of simple objects and, for each class, the endomorphism algebra.
Let m4 = m the Frobenius endomorphism of A. Then m commutes with all endomor-
phisms of A, so lies in the center of End’(A). If A is simple, then End®(A) is a division
algebra. Therefore, in this case, Q(7) is a field (not merely a product of fields). An
isogeny A — B of simple abelian varieties defines an isomorphism End’(A4) — End’(B)
carrying w4 into mp and hence mapping Q(m4) isomorphically onto Q(7p).

Define a Weil g-integer to be an algebraic integer such that, for every embedding
o: Q) = C, o(r) = /q and let W(q) be the set of Weil g-integers in C. Say
that two elements m and 7/ are conjugate, m ~ 7’ if they have the same minimal poly-
nomial over Q.

For any simple abelian variety A, the image of m4 in Q is a Weil ¢-integer, well-defined
up to conjugacy.

Theorem 1.4.1. The map A — w4 defines a bijection
{simple abelian varieties/Fy}/(~) — W(q)/(conjugacy).

Proof. The injectivity of the map A + m4 has been proved by Tate [Tat66]. It uses a
generalization of the Remark 2 :

Hom(A, B) ® Q ~ Hom(V;(A), V;(B))*/k),

In fact the canonical generator of Gal(k/k) acts on V;(A) and Vi(B) as w4 and 7p
respectively and these actions are semisimple (i.e over some extension of (; there exists
bases of eigenvectors) ; it is an easy exercise in linear algebra to prove that

rank Hom(V(A), Vi(B)) %2 E/%) = |{(i, j)|es = B;}|

where x(T) = [[(X — o) and x5(T) = [[(X — ;).
The surjectivity was proved by Honda. To construct abelian variety with a given Frobe-
nius polynomial, Honda used the theory of complex multiplication : one constructs (as a
torus) an abelian variety over C with complex multiplication and the classical theorems
show that one can reduce it and one has precise control on the Frobenius polynomial. [
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Example 2. A Weil-number whose minimal polynomial has degree d is not necessarily
associated to an abelian variety of dimension d/2. For instance let ¢ = p? and T4 = p.
Then its minimal polynomial is T —p but it is indeed associated to the elliptic curve with
Frobenius polynomial (T — p)2.

See however 3.8.3 to have an idea how to recover this bijection in terms of the Frobenius
polynomial.

To complete the description of Isab(k) in terms of Weil-integer, we have to describe the
division algebra End’(A). Let us recall first some definitions.

Definition 1.4.1. A central simple algebra over a field K is a K-algebra R such that :
1. R is finite dimensional over K,
2. K is the center of R,
3. R is a simple ring (i.e it has no left and right non-trivial ideals).
If R is also a division algebra, we call it a central division algebra over K.
Lemma 1.4.1. If R and S are central simple algebras over K, then so is RQk S.
For example, if R is a central simple algebra over K then so is M,.(R) = R ®x M, (K).

Proposition 1.4.1 (Wedderburn’s theorem). Every central simple algebra R over
K is isomorphic to M.(D) for some r > 1 and central division algebra D over K.

The Brauer group Br(K) of a field is defined as follow. Its elements are the isomor-
phism classes of central division algebras over K. If D and D’ are two such algebras, then
D ®y D' ~ M,(D") and we set [D] - [D'] = [D"]. This is a group —the identity element
is [K] and [D] ! = [D°PP] (the same underlying set and addition, but multiplication is
reversed (if ab = c in D, ba = ¢ in DPP)).

Theorem 1.4.2. For any local field K there is a canonical homomorphism
inv : Br(K) — Q/Z.

If K is nonarchimedian, inv is an isomorphism; if K = R, then the image is %Z/Z; if
K =C, then Br(K) = 0.

Remark 14. The non-zero element of Br(R) is represented by the Hamilton’s quaternion.
Theorem 1.4.3. For a number field K, there is an ezact sequence
0 — Br(K) — @,Br(K,) - Q/Z — 0.

Here the sum is over all places of K, the first map sends [D] to > [D®yk,] and the second
map sends (a,) to Y inv(a,). Hence a central division algebra is uniquely determined
up to isomorphism by its invariants.
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We need one further result.

Theorem 1.4.4. For a central division algebra D over a number field K, the order of

[D] in Br(K) is \/[D: K]. It is also equal to the least common denominator of the
numbers invy (D).

We now state our theorem.

Theorem 1.4.5 ([WMT71]). Let A be a simple abelian variety over k = F,. Let
D = End®(A) and w € D be the Frobenius element of A. Then :

1. The center of D is Q(r); therefore D is a central division algebra over Q(r).
2. For a prime v of Qx| over p, let i, = inv,(D). Then

i, (D) = 2 Q). - Q]

(invy(D) = 0 if v does not divide p or cc).
3. 2dim(4) = /[D: Q][Q() : Q.

1.4.1 Some easy consequences

Theorem 1.4.6. Let A, B be abelian varieties over a finite field k and let x4 and xB
be the Frobenius polynomials. Then the following statements are equivalent :

1. B is k-isogenous to an abelian sub-variety of A defined over k.
2. xB divides xA.

Hence, A, B are k-isogenous iff xa = xB iff A, B have the same number of points over
every finite extension of k.

We can also study the two extremal cases for the endomorphism ring.

Theorem 1.4.7 ([Tat66]). Let A be an abelian variety of dimension g over a finite field
k. Let w be the Frobenius endomorphism of A and x be its characteristic polynomial.

1. The algebra F = Q(x) is the center of the semisimple algebra E = End°(A).

2. We have
20<[E:Q < (29)2.

3. The following statements are equivalent :
o [E:Q] =2g.

e x has no multiple root.
e F=F.
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o F is commutative.

4. The following statements are equivalent :

o [E:Q] = (29).
e x is a power of a linear polynomial.
e FF=Q.

o F is isomorphic to the algebra of g by g matrices over a quaternion algebra
D, (ramified only at p and o).

o A is k-isogenous to the g-th power of a supersingular elliptic curve, all of
whose endomorphisms are defined over k.

One says that A is supersingular.

5. A is k-isogenous to a power of a k-simple abelian variety iff x is a power of a
Q-irreducible polynomial P.

Proof. We are going to prove the second, third and fourth points.
Let

S
xX(T) = [[(T - ai)™
i=1
with the o; distinct. Then > m; = degx = 2g and by Th. 1.4.1 we have [E : Q] =) m?
so (2) follows from the obvious inequalities

Zmi < Z:mZ2 < (Z:mz)2

We have equality on the left of this iff m; = 1 for all ¢ and then the equivalences of the
statements follows easily, once we have note that, since 7 is semisimple, [F' : Q] = s.

We have equality on the right iff s = 1 and this shows the equivalence of the 3 first
statements. If F' = QQ, then F is a simple algebra with center QQ for which E; = FE® (
is isomorphic to End(V;(A4)). Thus the local invariants of E are 0 at all primes of Q
except possibly at the archimedian prime co and at the prime p. Since the invariant
at 0o is 0 or % and the sum of the invariant is 0 (mod 1), the invariant at p is 0 or %,
and we conclude that F is either the algebra My, (Q) or My(Djp). The first possibility
is excluded because an abelian variety of dimension g cannot be isogenous to the 2gth
power of an abelian variety. Therefore E ~ My(D,) and there is a k-isogeny A ~ BY,
where B is an elliptic curve with Endy(B) ® Q ~ D,. Conversely, if this last is true then
E ~ My(D,) and the center F of E is Q. Thus the last 3 statements are equivalent. [

Remark 15. When A is not simple, its Frobenius polynomial is reducible. The contrary
is not true : x may be reducible and A simple as shows the case of a supersingular
elliptic curve. But A is isogenous to a power of a k-simple abelian variety iff x is the
power of a Q-irreducible polynomial.

It is also possible that a Frobenius polynomial relative to k is irreducible but not relative
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to an extension. It is the case when A/k is simple but not over an extension. When A
is k-simple one says that it is geometrically simple.

One has seen that a supersingular elliptic curve is characterized by the fact that its
p-rank is 0. Is it the same in higher dimensions ? It is still the case for dimension 2 but
in dimension 3, it is not : for instance the curve

(a® +y* + 2" +y2)" = 2(y’ + 272)
has rank 0 but is not supersingular whereas
(2% 4+ 22 + zy + 22)? = z(y® + 2%2)

is supersingular.
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Chapter 2

Automorphism group in
characteristic p

Given a curve of genus g > 2 a natural finite group attached to it is its automorphism
group. Find explicitly this group is hard in general but at least in characteristic 0 there
exists a good bound on the order of this group. This bound is not accurate in positive
characteristic anymore. The aim of this part is to show how we can replace it.

2.1 Review of Galois covers

2.1.1 Existence

We want to give here a brief review of Galois covers in a more general setting than for
curves. So let X/K be an algebraic variety and G a group acting on X.

Definition 2.1.1. We say that the set-theoretical quotient X/G is an algebraic quotient
of X by G if there exist an algebraic variety Y and a surjective morphism w: X — Y
such that a morphism p : X — Z factors through = if and only if p(p) = p(g(p)) for all

pEX(K)andg€G. Weeceadllm: X Y = X/G a Galois cover.

The condition on the functions prevents us to do something stupid like composing
the map 7 with a purely inseparable map (which is bijective on points).
Algebraic quotient does not always exist : there are examples of algebraic varieties on
which Z /27 acts and such that the quotients are not algebraic quotients. The study
of when the algebraic quotient exists and when it is projective is a deep one, called
geometric invariant theory. However in the cases we are interested, everything is fine.

Proposition 2.1.1. [Ser75, III.Prop.18] Suppose that X is an affine variety with
coordinate ring A and G a finite group acting on X. Then X/G in an affine algebraic
variety whose coordinate ring is naturally identified with the subring AC of elements of
A fized by G.

By patching, one can then prove :

37
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Proposition 2.1.2. Let X be a quasi-projective variety and G be a finite group acting
on X. Then X/G is an algebraic quotient.

Remark 16. One can prove that if the action of G is defined over K then the quotient
is also defined aver K.

If we consider now a curve X and G a finite subgroup G of Aut(X) the situation is even
easier. Consider the field F = K(X). Recall that we have the dictionary :

objects : curves defined over K
maps :  non constant morphisms defined over K
Raaad

objects : extension of K of transcendental degree 1 with constant field K
maps :  field injections fixing K
which links
C/K o K(O)
QZS :C1 > Oy o ¢* : K(Cg) —)K(Cl)
PeC(K) e~ valuation ring Op

By this dictionary G induces a finite subgroup of Aut(F). Let F' = FY be the subfield
of F of elements invariant by G. The extension F//F' is a Galois extension of group G, so
F' has transcendental degree 1 over K. In particular there exists a curve X’ associated
to F' and the quotient X — X' = X /@ is algebraic.

Remark 17. One can ask the opposite problem : given a curve X’ and a group G, does
it exist a curve X such that X’ = X/G 7 When G is abelian, this problem can be
translated into the existence of isogenies of ‘generalized’ Jacobians [Ser75]. For instance
unramified (see next section for a definition) abelian covers of an algebraic curve are in
one-to-one correspondence with isogenies of its Jacobian. This is part of the so called
geometric class field theory (see [Ser75] or [Sch90]).

2.1.2 Local behavior

In the following K will be algebraically closed (see [Sti73] for a more general
treatment).

Let K be an (algebraic closed) field of characteristic p > 0. Let X be a curve over K of
genus gx. Let G be a finite subgroup of Aut(X) and P be a point of X. We define the
higher ramification groups G;(P),i > —1 by

G_1(P)={oc€G|ooP =P}

and for s >0
Gi(P) ={oc € G_1(P)| ordp(c - mp —7p) > i+ 1},

where 7p is an uniformizer at P. The group G_1(P) is called the decomposition group
of P and G(P) is called the inertia group of P.
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Remark 18. When K is algebraically closed (as we assume), G_1(P) = Gy(P) because
the residue fields at P of the extension defined by K(X) — K(X/G) are both equal to
K.

Remark 19. We want to emphasize that these definitions are local and in fact valid
for every Galois extension of local fields with discrete valuation. Indeed, let 7 : X —
X/G =Y be the cover defined by G and let @ = w(P). We are looking at properties
of the local fields extension Frac(Ox p)/Frac(Oy,p). We may even complete the local
fields if we want and so we obtain a particular case of the general theory developed in
[Ser68, chap.4]. In particular the following results are not restricted to curves.

We have the important proposition.
Proposition 2.1.3 ([Ser68]). There exist injective homomorphisms
190 : Go(P)/Gl(P) — K*

and fori > 1,

From this proposition, one can prove the following important properties for the groups
Gi(P):

1. Go(P) D Gi(P) D ... D Gu(P) 2 Gpy1(P) = {1}. The subgroups G;(P) are
normal in Gy(P).

2. If |Go(P)| = Ep* with (E,p) = 1 then |G1(P)| = p%, Go(P)/G1(P) is a cyclic
group of order FE.

3. Go(P) is the semi-direct product of G1(P) by a cyclic group of order E.
4. Vs € Go(P) and 7 € G4(P)/Gi11(P), 9:(sts7 1) = Po(s)™9; (7).

5. Assume Gy(P) abelian and let eg(P) = |Go(P)/G1(P)|. If i is an integer not
divisible by eg(P) then G;(P) = G;11(P).

We give also the following property, as the proof is instructive.

Lemma 2.1.1. Let F = |G0(P)/G1(P)| and q; = |Gi(P)/Gi+1(P)| (z > 1) then
E | (E,i)(g —1). In particular E | i(g; — 1).

Proof. One may suppose that p > 0 (otherwise g = 1). We follow the notations of
Prop. 2.1.3.

Let up = Im(9g) be the group of Eth root of unity and ¢ = 9(s¢) be a generator of
this cyclic group.

Let 1 > 1 and Fy, be the field generated by p = ¢* over F,. Let us prove that Im(9;) is a
[y, -vector space. So let 7 € Gi(P)/Git1(P) and Y a;u’ € Fy, with a; € Fp. It’s enough
to show that S = (3 a;ju?)9;(1) € Im(¥;). Now S = 3 p/d;(7%) = 3 (¢7)09;(r%) =
Eﬁi(sg'r“is;l) = %(]] ng“isgj) € Im(9;). Then ¢; = |[Im(9;)| = gb where [ is the

E

dimension of Im(¥;) over Fg,. p is a %-th root of unity so () divides (g0 — 1). As

¢; — 1 =g} — 1 it is also a multiple of % O
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2.2 Bound on automorphism group orders

2.2.1 Finiteness of the automorphism group

If X/K is a genus 0 curve then it is isomorphic to P! and its automorphism group is
isomorphic to PSLy(K).

If X/K is an elliptic curve then its automorphism group is the direct product of the
group of automorphisms which preserve 0 (of order 2,4, 6,12 or 24) and of the group of
translations.

When X/K is a genus gx > 2 the situation is completely different : indeed we will prove
the following proposition.

Proposition 2.2.1. The automorphism group of a curve X of genus gx > 2 is finite.
To prove this, we first need a lemma.
Lemma 2.2.1. If g is an automorphism of a curve, it has at most 2g + 2 fized points.

Proof. Let us suppose the contrary, i.e that g has at least 2¢g + 3 fixed points, called
Pi,..., Pyyy3. By Riemann-Roch theorem, there exists a non constant function f €
L(Py+ ...+ Py;1). f has at most g + 1 poles. The function f — f o g has then poles
inside the set {Pi,..., Pyi1,97(P1),...,9 " (Py+1)} and then has at most 2g + 2 zeros.
But all the P;, i =1,...,2g + 3 should be zeros: contradiction. O

Remark 20. We cannot assume less : for example the hyperelliptic involution on an
hyperelliptic curve C' of genus g has 2g + 2 fixed points. We then obtain a map of
Aut(C) — Sz¢+2 which kernel is exactly the hyperelliptic involution.

So if one may find a set of 2¢g + 3 points on a curve, globally invariants by all auto-
morphisms, there exists an injective map of Aut(X) in Sz¢43 (group of permutations).
In particular, the group will be finite. Such sets exists for non hyperelliptic curves, for
instance we can take the set of Weierstrass points. In characteristic 0, it is easy to prove
that there is always 2g + 6 such points.

In the following section, we will give (at least in characteristic 0) a way to find a bound
for the order of the automorphism group.

2.2.2 Hurwitz theorem

Let G be a finite subgroup of Aut(X) and consider the Galois cover 7 : X — X/G =Y.
The ramification groups contain important information on the cover. For example, if
Q eY, |n Q)| = |G/Go(P)| for P such that 7(P) = Q. So Go(P) measures the
ramification of the point P. Thus, points with non-trivial decomposition group are
called ramified. When there exists a (resp. no) ramified point on X we say that the
cover is ramified (resp. unramified).

Points with non trivial G1(P) are of course much more difficult to handle because all the
information is not contained in the ramification index. This is reflected in the following
definition :
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Definition 2.2.1. Let P be a point on X. We say that it is wildly ramified if G1(P)
is not trivial (i.e if pleg). Otherwise we say that P is tamely ramified.

Remark 21. Suppose that p does not divide the order of the group G (in particular
p =0). Then all the points of X are tamely ramified (because G (P) is a p-group).

Knowing the orders of the higher ramification groups allow to link the genus of X and
Y as we will see now.

Theorem 2.2.1. ([Sti73]) : Let mx;y : X =Y be a Galois cover of degree n. For all
Q €Y we define eq and dg by : if G = Gal(X/Y) and P € X such that 7x/y(P) = Q
then eq = |Go(P)| and dg = > 5°(|Gi(P)|—1) (as the cover is Galois this is independent
of P). We then have :

d
(2ex —2)/n=2gy —2+ Y .
eq
QeY

Remark 22. There is a generalization of Hurwitz formula to non-Galois covers. It may
be expressed with the degree of a divisor called the different. This explains the notation
dg in the theorem (cf. [Sti73, IIL.5]).

If p does not divide the order of G, then G;(P) = {0} for i > 1. So we obtain the tame
Hurwitz formula in characteristic 0 :

2gx — 2 1
gXG =29y —2+ ) <1——>. (2.1)
G S €Q

Example 3. Let us show how to use this equation to compute the genus of X(N), for
N prime, in characteristic 0. We know that X(N) = H*/T'(N) and that we have an
exact (split) sequence

1 — I'(N) = PSLy(Z) = L(N) := PSLy(Z/NZ) — 1

which leads to a Galois cover X(N) — X(N)/L(N) = X (1) ~ PL. This cover is rami-
fied over points representing elliptic curves with extra-automorphisms and over infinity.
Over j = 0 (6 automorphisms), it is ramified with indez 3 and over j = 1728 (4 au-
tomorphisms) it is ramified with indezx 2. The infinity represents the class of the cusp

(0 : 1). Its stabilizer in L(N) is represented by the matriz ( 1 (1) ), so it is of index

N. We can now apply Hurwitz formula :

29x(N) —2 1 1 1

V)| —2+(1—§)+(1—§)+(1——).

So, knowing that |[L(N)| = N(N? —1)/2, we get

(N2 —1)(N —6)

gxvy =1+ 24
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When Char(K) = 0 we want to give a bound on the order of the automorphism group
of a curve of genus g > 2. We use equation (2.1) to find it [Har75, ex.4.2.5] :

1. Since gx > 2, the left hand side of equation (2.1) is > 0.

2. When gy > 0, eg > 2, it is then easy to prove that the positive minimum of
the above equation is reached for gy = 0 and 3 ramification points with indexes
eQ, = 2,eq, = 3,eg, = 7. So the minimum value is 1/42.

3. We conclude that if gx > 1, |G| < 84(gx — 1).

We call this bound Hurwitz bound.

Remark 23. We can wonder if this bound is optimal. It is in a certain sense : the
Hurwitz bound is attained over C for infinitely many values of gx [McB61]. The curves
which reach the bound are called Hurwitz curves.

Example 4. Let X be the Klein quartic 23y + y*z + 2%z = 0 over k. If Char(k) # 7
it is a genus 3 curve so its Hurwitz bound is 84 - 2 = 168. One knows that X ~ X(7),
s0 it is now obvious that G = PSLy(F7) is a subgroup of Aut(X). As |G| = 168 so
G = Aut(X) over C and the curve is a Hurwitz curve. We will see an explicit approach
of the example in the Tutorial 6.4.2.

In positive characteristic however, a curve may not respect this bound. Let us give the
following example :

Example 5 ([Sub75]). Let X : (zP — z)(y? —y) = 1 over F,. The curve X is of genus
(p—1)? and it is not difficult to see that Va,b,c € Fy,c # 0, fop: (z,y) = (z+a,y+b),
gc : (z,y) — (cz,1/cy) and h : (z,y) — (y,z) are automorphisms of X. Thus X has at
least 2p*(p — 1) automorphisms. So when p > 37, X does not respect the Hurwitz bound.
Note that this example is important also because the curves X are ordinary (see 2.2.4).
Other less obvious examples are the following :

o The Klein curve is isomorphic over F3 to the Fermat curve z* + y* 4+ 2* = 0 and
has PSU(3,9) £ PSLy(F7) as automorphism group [Kur82].

e The modular curve X (11) over F3 has the Mathieu group My; as automorphism
group (and |My1/PSLy(Fi1)| = 12) [AdI97].

We then introduce the following definition.

Definition 2.2.2. We say that a curve X respects the Hurwitz bound if the order of
its automorphism group is bound by 84(gx — 1).

2.2.3 Deuring-Safarevi¢ formula

From now on we assume Char(K) =p > 0. So we will denote K = k.
We saw in 1.3 that there exists a second important invariant, the p-rank yx. We have
for it an analogue of the Hurwitz theorem :
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Theorem 2.2.2. [Sub75] If G = Gal(X]Y) is a p-group then

vx — 1 _
|G| = =1+ (1-eg).
Qey

Remark 24. When G is not a p-group, it is still possible to get some information. For
example [Sta04] : Let r the number of fixed points of G on X and let p™ be the p-part
of the order of G; then

vx =1—7r (mod p").

Thanks to this formula we can obtain an upper bound of the number m + 1 of non trivial
ramification groups (with the convention m = —1 if the point is not ramified).

Proposition 2.2.2. Y2, (|Gi(P)| — 1) < 2(gx — vx). In particular we have the in-
equality m < % + 1.

Proof. (Following a similar proof by Nakajima [Nak87].)

Let H = G1(P) : it is a p-group. Let us apply Hurwitz and Deuring-Safarevi¢ formulas
to the cover X — Z = X/H :

2g9x — 2 d
9|XH| :2gz—2+Z—S

and

vx — 1 _
R RERD W)

We get

2(9x — 7x) TS
=" =209z —vz)+ ) —
|H| % es

where rg = ds — 2(es — 1). For S € Z let @ € X such that mx,,(Q) = S. Then

es = |Ho(Q)|- As H is a p-group, Hi(Q) = Ho(Q) so rs = Y} 7,(|Hi(Q)| — 1). In
particular rg > 0. Then

rs < (2es/[H|)(gx —vx) < 2(gx — 7x)-
Now rg > (m — 1)(p — 1) which gives the result. O

Remark 25. We notice that when the curve is ordinary then Go(P) = {1} for all P € X
(is the converse true 7).

2.2.4 Other important tools

We list here other important results without any proof.
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Roquette’s theorem

Theorem 2.2.3 ([Roq70], Roquette). If p > gx + 1 the cover X — X/Aut(X) is
tamely ramified with one exception : X is isomorphic to the hyperelliptic curve y?> =
2P —z (sop = 2g9x + 1 and |G| = 2p(p? — 1)). In particular X respects the Hurwitz
bound.

This is particularly useful when one studies the reduction of a curve modulo large primes.

Singh cases

By sharpening the Hurwitz theorem, Singh [Sin74] shows that if Y = X/G is of genus
0 and if we denote by r the number of ramification points of Y and e;, 1 < ¢ < r the
ramification indexes , if the curve does not respect the Hurwitz bound then we have
only the following possibilities :

er=4ande =ey =e3=e4 =2.

r = 3. If we suppose e; > ea > e3 then the possibilities are gathered in the
following chart.
e1 | 3|46 |5|4]|3 | e arbitrary
e2 | 314131333 2
e3 3122222 2

r =1 and the point is wildly ramified.
e r =2 and one point at least is wildly ramified.

Then Singh gives an upper bound for the automorphism group (in g3 : compare with
Hurwitz bound) :

4pg? = 2
Ps (_g +1).

p—1'p—1

Remark 26. Be careful : there is an article by Henn with a bound 3(2¢)°/? which has

been used after that in other articles. But the proof is wrong.

Remark 27. Much more is known : if ¢ : X — Y is a Galois cover ramified over certain
fixed points, Abhyankar’s conjecture (proved by Raynaud and Harbater) determines
exactly which groups can be the Galois group of ¢. However it is still an open problem
to determine which inertia groups and filtrations of higher ramification groups can be
realized (see however [Pri03] for the case of one ramification point).

Lifting

Another possibility is to see if one can lift the problem to characteristic 0. More precisely,
suppose that there exist a complete valuation ring R with residue field k and field of
fraction K of characteristic 0 (otherwise the lift problem is trivial). Given7: X —Y =
X/@G a Galois cover over k, a lifting of 7 is a Galois cover X — ) over R with group G



2.2. BOUND ON AUTOMORPHISM GROUP ORDERS 45

and special fiber the cover .
Of course, as not every curve respects the Hurwitz bound, this is not always possible.
But we have the following important theorem :

Theorem 2.2.4. [Gro71, XII1.2.12] If the cover X — X/Aui(X) is tame, it can be
lifted to characteristic 0.

Remark 28. Generalization of this proposition to the case of wild ramification is a
fruitful and very active research. The situation of p-cyclic action is quite well understood
now but as far, the general case is beyond one’s grasp. For example the famous Oort
conjecture (any cyclic cover has a lifting to characteristic 0) is still an open question
(see [Liu03] for a survey of these questions).

As a basic application of the results we give the following example.

Proposition 2.2.3. Let Cp : y® + z* + 1 = 0 over F,. For p > 3 the curve Cp has an
automorphism group of order 48.

Proof. Let C/Z be the scheme defined by the equation 33z + z* 4+ 2* = 0. We denote
by C the projective quartic C ® Q and by C, the curve C ® F,.

The curve C is a non singular quartic. [KS96] shows that its automorphism group is a
group G of order 48.

It is easy to see that when p = 2 (resp. p = 3) the curve C, is singular : y® = (z + 1)*
(resp. (—y)® = z*+1). A straightforward computation shows that it is smooth if p > 3.
From now on, we suppose p > 3. We want to study the automorphism groups G/, of the
curves Cp.

Since we have good reduction G C G, (Prop.5.3.1) and so 48 divides |Gp|.But, as many
examples have shown, it is not clear that equality holds.

By Roquette’s theorem, as C, is a non singular quartic, it is not hyperelliptic so we
know that the covering C, — Cp/G), is tamely ramified. In particular, |G| < 168. So if
Gp # G, the order of G, is 2-48 or 3 - 48. We will show that these two cases are not
possible.

e Suppose |Gp| = 96. The covering C, — C,/G is ramified over 3 points with indexes
2,3,12 or 2,4, 6. Imitating a classical argument by Serre [Ser96], we see that, since
G is normal in Gp, there is an action of G}, on C,/G = P; which stabilizes the
three ramification points (since the indexes are different). So the action is trivial
and Gp = G.

e Suppose |Gp| = 144. Since the cover is tamely ramified, we may lift the curve
and the group |Gp| to characteristic 0. Now, following the classification of [Bou98,
p. 85], we see that there is no quartic with automorphism group of order 144.

O
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Relation with the automorphisms of the Jacobian

Note that thanks to Torelli theorem (Cor. 5.2.2) |Aut(X)| and |Aut(Jac(X), ©)| agrees
up to a possible factor of 2. So it is very tempting to study this last one. This relation
is one of the reasons why usually one suspects curves with big automorphism group to
have a supersingular Jacobian (as the endomorphism group of these abelian varieties is
bigger).

For a general abelian variety, we have the following proposition :

Proposition 2.2.4. Let f be a (finite) automorphism of a polarized abelian wvariety
(A, A) and n > 3 be an integer prime to the characteristic. If f|A[n] =1 then f =1.

Proof. Assume the contrary, i.e. f # 1. As f has finite order, by eventually passing to a
power of f we may assume that f is of order ¢ for some prime q. Since the only unipotent
automorphism of (4, A) is the identity (see the beginning of the proof of Lem.1.2.3 and
use the fact that for an automorphism f, f o ft = 1), there is an eigenvalue ¢ of f
which is a primitive g-root of unity. By assumption A[n] C ker(1 — f). Hence there is
a g € End(A) such that ng = 1 — f. This implies that there is an algebraic integer 7,
namely an eigenvalue of g, such that

nn=1-¢.
Applying the norm of the field extension Q(¢)/Q we get

n?™ Noeye(m) = Nyl =) =1-¢)...1-¢"") =q¢

This is impossible, since ¢ is a prime and n > 3. O

Remark 29. Tt can be proved [BL92, 5.1.9] that the automorphism group of a polarized
abelian variety is finite. We have thus a representation of Aut(A4,\) in Aut(A[n]) ~
GLoy(Z /nZ).

We then get that |Aut(A, A)| is smaller than |GLyy(Z/3Z)| which is exponential in g.
So this bound is not very useful in our case. But let us suppose that there exists n > 3,
prime to p such that all n-torsion points of the Jacobian J of X are defined over a
finite field k9. Then each automorphism « of X is defined over ky : indeed for all
o € Gal(k/ky), a;l oY is an automorphism of the polarized abelian variety J fixing the
points of order n. So it is the identity and by Torelli theorem we conclude that o = o
so « is defined over k.

If we have a bit more structure on the Jacobian (CM abelian variety, simple, Galois
structure,...), even more things can be said. As a trivial example :

Proposition 2.2.5. Let X be a curve of genus g > 1 defined over kg =F,; and let x be
the Frobenius polynomial. Suppose that there exists n > 3 and prime to p such that the
Jacobian of X has all its n-torsion points defined over kg and that x has no multiple
root. Then |Aut(X)| < 4gx + 4.

Proof. We have that Auty(X) = Auty,(X) and we have an injection of this group in
E = Endy,(Jac(X)). Since x has no multiple root we know that E is commutative so is
Aut(X). A general theorem on abelian automorphism groups [Nak87b] gives then the
bound. .
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Nakajima theorem

We have seen in 2.2.4 that the general bound of Singh is quite high compared with
Hurwitz bound. Is it possible with some additional conditions on X to do better 7 A
great improvement is the following theorem [Nak87].

Theorem 2.2.5 (Nakajima). Let X be a curve of genus greater or equal to 2 and
G = Aut(X). Let H be a p-Sylow subgroup of G.

1. If yx > 2 then
[H| < eplyx —1)

with ¢, =p/(p—2) if p>3 and co = 4.
If vx =1 and p > 3 then X respects the Hurwitz bound.
If2<~yx <p-—2 (p>5) then X respects the Hurwitz bound.

If1<gx —yx <(p—2)/2 (p>5) then X respect the Hurwitz bound.

v o

If X is ordinary (i.e gx = yx) then Go(P) = {1}, VP € X. Moreover |G| <
84(gx — 1)gx-

Recall that the ordinary curves are the generic case (i.e they form an open dense subset
in the moduli space My).
An application of this theorem is given in [Rit02] where the following theorem is proved.

Theorem 2.2.6. Let p > 3 and q be a prime number different from p. If the curve
X(q) ® F, is ordinary then its automorphism group is PSLy(IF,).

Remark 30. Michael Zieve has sharpened Nakayama’s theorem by showing that for all
but finitely many exceptions (for each genus) the bound is in fact in g‘?,’(/2 and is optimal
in this sense.

Another interesting question is then to go one step further : what can be said about the

groups Go(P) 7 See [Mat04].
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Chapter 3

Maximal curves

3.1 Introduction

Recall some results of Chapter 1. If C is a curve of genus g over a finite field k = [,
there exists a polynomial f of degree 2g such that f(T) = [[(1 — To;) with |o;| = \/g

and
f(T)
(1 -T)(1 - qT)
Corollary 1.2.1 says also that |C(k)| =1+ ¢ — Y  «;. But this implies that

[[C(k)| —1—g¢| < |Zai| < Z || < 2¢+/4.

This has two easy consequences :

Z(C/k;T) =

1. if ¢ is large enough compared to g, C has always at least one rational point.
2. |C(k)| £ 1+ q+2g,/q. This bound is know as Weil bound.
This leads us to introduce the following definition.

Definition 3.1.1. Let g > 0 be an integer and q a prime power. We denote by N4(g)
the mazimal number of points of a curve of genus g over Fy.

For several decades, number theorists assumed that the Weil bound was optimal
until 1973 when Stark improved the bound by two in a particular case.
Since, there is a (mathematical) world-wide game consisting at finding the exact value
of Ny(g). Indeed, except for g = 1,2 this value is not known in general and so things
are handle case by case. A chart of the values in characteristic 2 and 3 may be found in
[GV03].
There are two strategies to tackle this problem :

1. Decrease the bound : we are going to give in the following some arguments to do
that. It is only a small part of the whole picture as the literature on the subject
is really extensive.

49
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2. Constructing/proving existence of curves : we are not going to deal with this
question (but see Tutorial 6.4). Let us just say that roughly speaking on can
distinguish the following approaches :

e Methods from general class field theory (powerful but not explicit);

e Methods from class field theory based on Drinfeld modules of rank 1 (explicit);
e Fiber products of Artin-Shreier curves;

e Towers of curves with many points;

e Miscellaneous methods as : formulas for Ny(1), N4(2), explicit curves, e.g.
Hermitian curves, Klein’s quartic, modular curves, quotient of curves with
many points and curves obtained by computer search.

Except for their own mathematical interest, these researches have also applications in
coding theory (which was actually one of the catalyser of this quest). We will see how
in 3.4. This leads also to asymptotic problems that we will discuss briefly also in 3.3.2.

Remark 31. This domain is quite new : note that the intuitive fact that lim, o, Ny(g) =
oo has been proved only in 2002 [KWZ] !

3.2 The case ¢ =0,1 and 2

The case of genus 0 is trivial : indeed a genus 0 curve with a rational point over [F; in
FF,-isomorphic to P! and has then ¢ + 1 rational points. This gives N,(0) = ¢ + 1.

The genus 1 case is alright also. By Th.1.4.1 one sees that we have only to look at
what the minimum sum of the trace a of the Frobenius polynomial T2 — aX + ¢ can
be. We have a > —2,/q. So we would like to take a = —[2,/q]. But the ¢-Weil integer
attached to this polynomial may be associated to an abelian surface with Frobenius
polynomial x(T) = (T2 + |2,/g|T + ¢)?>. We can check that with Th.1.4.5. This leads
to the following cases :

N,(1) = {q+ [2v/al if pl(a+1+2ya)) and if g = p° with e 0dd;
g+ 1+ |2,/q] otherwise.
We give here for reference the case of genus 2 which is due to Serre.
Theorem 3.2.1 ([Ser85],Serre). If g is a square different from 4 and 9 then
Ny(2) =q+1+4/q.

Moreover N4(2) = 10 and Ny(2) = 20.
If q is not a square, we denote ¢ = p® and m = |2,/q|. We say that q is special if one
of the following properties is satisfied

° p|m.

e it exists an integer x such that ¢ = > + 1.
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e it exists an integer x such that g = > + = + 1.
e it exists an integer x such that ¢ = 2% + z + 2.

If q is non special then
Ny(2) =g+ 1+2m.

If q is special then

g+ 2mif {2,/g} > V51,
g+ 2m — 1 otherwise

Nq(2) = {

where {} denotes the fractional part of the number.

The main ingredients to prove this theorem are Torelli theorem and some study of
indecomposable hermitian forms [AN65].

3.3 Decreasing the bound

3.3.1 General arguments

We are going to give general arguments (i.e which are good for g > ¢) which follow
Serre’s idea of ‘formules explicites’. Let us start with Serre’s original improvement.

Theorem 3.3.1. For every curve C/F, of genus g, on has that

IC(Fy)| < g+ 1+g[2/4]-

Proof. We have that |C(F;)| = ¢+1—>.Y (e + @) where &; denotes g/c; (see 1.2.3).
Put
zi = |2v4) + 1+ o + @

By the Riemann hypothesis, z; are totally positive algebraic integers. Therefore their
product is at least 1. It follows from the arithmetic-geometric mean inequality that

'Sz (1)

- ) x> T > L

9= i=1

So we have > z; > ¢g which is easily seen to imply the result. O

A second improvement is due to Thara. Consider C' also on .. We have

9

IC(Fy)| <IC(Fp)| = ¢@+1-) (af +T)
i=1
g
= @ +1+299-) (i + @)
i=1

AN

2
1 9
q2+1+29q—§ (§ ozi-l-_ozi>

=1
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The last inequality is Cauchy-Schwartz (with the vectors (ai,...,qq) and (1,...,1)).
We conclude that

IC(Fy)| < ¢ +1+2qg——(|0( o)l —a—1)%

Theorem 3.3.2.

IC(F)I < g+ 1+ (v/(8g+1)g +4(¢> — q)g — 9)/2
which is better than Weil bound if g > (q — 1/q)/2.

Now we come to the best known estimate due to Drinfeld and V1adut. The proof is
an extension of Thara’s argument. It involves a consideration of all finite extensions of I, .
As before we will write by for the number of places of C' of degree d, i.e by is the number
of points in X (F,) of degree d up to Galois conjugacy. So we have |C(F;m)| = Zd|m dby.
Let U(T) = 377, cyT" be a polynomial (i.e ¢;, = 0 for n large enough) with non
negative coefficients for which

U(t) +¥(t) +1>1for allt € Cwith [¢t| = 1. (3.1)
By U4(T') we denote the polynomial 3>, —q (;mod a) cnT™-

Theorem 3.3.3. Let C be a curve over F, of genus g and V(T) be a polynomial as
above. We have

> " dbg¥a(q ?) < g+ W(g?) + T(g ).
d>1

Proof. As usual, let a; denote the zeros of x. By the Riemann hypothesis, we have «; =
\/66“97' with 9; € R. Moreover suppose we have ordered the o; such that 944; = —9;.
We have that

g
IC(Fp)| =q"+1—q"? Z(ei"ﬂi + e™i),
j=1

So

\If(emj)—f—‘lf(e_wj)+l) _ Q+ZC z'm9j +e—in19j)

<.
Il

IA
10

= Q+Zq 2enlq" +1—|C(Fgn)l)

n>1

= g+ (g% + (g™ ?) Z Z g " ?dbycn
d>1n=0 (mod d)

and the inequality follows. O
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The theorem clearly implies that (Oesterlé’s bound) :

g+ ¥(q'/?)
= U(g7?)

If one takes ¥(T) = T/2 one finds Weil bound. On can try also ¥ = (4T + 372 + 273 +
T4 /5.

Remark 32. For q and g fixed there is an explicit optimal ¥ (see [Sch90]).

Example 6. Let fix g = 3 and ¢ = 2. The Weil bound is approximately 11.48. Serre’s
bound is 9, Ihara’s bound is 8. With our polynomial we can find 7. We can find this
bound in another way : we know that a genus 3 non hyperelliptic curve C can be embedded
as a plane quartic, so

|C(k)| < max( |P*(k)| , 2IP'(k)|) <max(4+2+1,2-(2+1))<T.
N—— ——
non hyperelliptic hyperelliptic
Moreover we have No(3) =7 since the curve
y2z2 + yz3 + xy3 + x2y2 + 2324222 =0
reaches this bound.

Even with the best optimization there are a lot of examples where the bound is lower.
We will see one in section 3.3.3.
3.3.2 Asymptotics

One fixes a finite field ;. One wants to study the behavior of Ny(g) when g is large. It
is classical to study the quotient N,(g)/g, and more precisely the number

N,
A(q) := lim sup %.

g—00
From the work done in 3.3.1, one has the following upper bounds for A(q).
Theorem 3.3.4. 1. Weil’s bound : A(q) < 2,/3.

2. Serre’s bound : A(q) < [2\/q].

3. Ihara’s bound : A(q) < /2q — &.

4. Drinfeld and Viadut’s bound : A(q) < \/q — 1.

Proof. Only the last point requires some explanations. From Th.3.3.3 we see that

1

Aq) < W
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We must choose our polynomial ¥(T') in order to get an estimate for A(g). The larger
we can take the c¢,, the better the estimate will be. However we have that

1 27 . .

0< ;/ (14 T(e™) + T(e=?)) (1 — cos(nd))dd = 1 — cp.
0

So ¢, < 1 and we cannot choose all ¢, = 1 since they should be zero for large n. We will

instead choose a sequence of polynomials whose coefficients approach 1. For instance,

let us take

One verifies that

1
1+ 9(T)+ (T 1) = N—_H(1+T+...+TN)(1 +T 4. +T )
which proves the condition (3.1).

It is easy to see that this gives a decreasing sequence of bounds on A(g), the limit of
which is /g — 1. O

3.3.3 Special arguments

A lot of arguments have been developed. We will give some by K. Lauter and E. Howe.
Note that these arguments have been implemented in MAGMA (htpp://alumnus.
caltech.edu/ however/papers/paper25.html) which allows a fast way to decrease
the bound.

We are going to give here two of them : the resultant argument and the descent argu-
ment.

Genus 5 over [3

This is part of an article of Lauter [Lau99].

We want to find the value of N3(5). Using Oesterlé’s bound, on finds that N3(5) < 14.
We will show now that in fact there is no genus 5 curve with 14 points on F3.

Let us start in general with a curve of genus g over ;. We will denote m = |2,/q]. The
first thing to do is to generate all possible zeta functions. We have the following natural
definition :

Definition 3.3.1. A curve C/F, of genus g is said to have a k-defect if it fails to reach
Serre’s bound by k, i.e |C(F,)| = ¢+ 1+ gm — k.

We will not look at the Frobenius polynomial x(7') = [[(T — «;) but rather at
P(X)=][(X —(m+1-a; —a;)). This polynomial can be easily computed from y by
the formula

P(X)? = Resultant(x(T),T? + T(X —m — 1) + q).
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Conversely, one may find back x(T) =T9P(m+ 1+ T + q/T).
It is then a monic polynomial in Z[X] such that all its root are real and positive. Thus
we define the set

F, ={X%— ;X' + ... + a4 € Z[X],a; = d + k and all roots are real > 0}.

Let F,i" be the subset of Fj, consisting of irreducible polynomials. It follows from Siegel’s
theorem that F}™ is a finite set for £ > 0. For a fixed d, the set of elements of Fj, of

degree d is also finite and can be listed by taking all products of elements f; of degree
dj in F,gr such that > k; =k and ) d; =d.

Definition 3.3.2. We say that a curve has Zeta function of type (z1,...,z4) if {as, @}
is the family of g conjugate pairs of eigenvalues of Frobenius acting on the Jacobian of
the curve, and z; = —(o; + @;).

The m + 1 — z; are totally positive algebraic integers, so if

Zmi:gm—k

P(X)=J[(X - (m+1-)) € F,

since deg P = g and a; = g + k.
For k <1 we list here the possible types [Lau01].

then

k (mla"'axg) g

0 (m,...,m)

1 (my...,m,m—1) g>1
(m,...,m,m+_1‘2H/5,m-i-715‘/5 g>2

For each pair (g, g), an entry might not correspond to the Zeta function of a curve for
a number of possible reasons. Here are three such reasons.

1. Since the eigenvalues of the Frobenius endomorphism have absolute value /g, the
x; must satisfy |z;| < 2,/q.

2. One has f(T) = [[(1 + ;T + qT?) and the Zeta function is

f(T)

Z(C[Fg;T) = 1-T)(1—qT)

As for the Jacobian of a curve, we have seen in 1.2.5

1 .
zcmym — 1

one can eliminate entries that does not fullfill the condition b; > 0 (it is the number
of places of degree i).
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3. An entry does not correspond to a curve if the Jacobian admits a non-trivial
decomposition into a product of polarized abelian varieties. If P(X) can be fac-
tored as P(X) = r(X)s(X) with r,s € Z[X] non constant polynomials such that
Resultant(r, s) = +1 then P can be eliminated.

We apply now these ideas to the case of genus 5. We suppose that there exists a curve
of genus 5 over F3 with 14 rational points. After listing the possible Zeta functions,
we see that argument 1 and 2 eliminate all possibilities except one polynomial which is
handled by the last argument.

In Tutorial 6.4 we construct a curve with 13 rational points so N3(5) = 13.

Descent argument

Let k be a finite field and k; be an extension. If C] is a curve over k7 , its Jacobian J;
is defined over ki. On gives a k-structure on J; compatible with the polarization A\;. It
consists in a couple (J,A) where J is an abelian variety over k, a polarization A defined
over k and an isomorphism f between (J,A) and (Ji,A1). Thanks to Torelli’s theorem
and some descent theory one can go from the Jacobian to the curve.

Theorem 3.3.5. Suppose that Cy is hyperelliptic. There exists an unique k-structure
over C compatible with its ki -structure and whose Jacobian is (J, \).

Proof. Using the automorphism ) ,
J1 _ Ve g
constructed from the generator o € Gal(kl/ k), we can descend it to an automorphism

Y : C1 = CY by Th.5.2.1. This automorphism verifies the cocycle relation verified by
¥o. This shows that C; descends to a curve C'/k by Cor.5.2.1. O

In the same way, we can prove.

Theorem 3.3.6. Suppose that Cy is non hyperelliptic. There ezists then a k-structure
C on C1, compatible with its ky-structure and a homomorphism € : Gal(ki/k) — {1}
such that its Jacobian is isomorphic to the e-twist of (J,\).

We are now interested in the following particular case (see also [Lau0l, Appendix]).

Proposition 3.3.1. Let C be a curve over Iy, ¢ = p®, e odd, of genus g, g > 2, with
eigenvalues of Frobenius {m,T} repeated g times. If

m = 0 with o € Z[n],

then C has a F,-structure with Frobenius endomorphism o.
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Proof. The idea of the proof is as follows. If the Jacobian of the curve descends to I,
with its polarization, then the curve also descends by Th. 3.3.5 and 3.3.6 (because k;/k
is of odd degree the twist is trivial). In order to descend the Jacobian, it is necessary
and sufficient that o factors as

o =g¢oFr,

where Fr is the relative Frobenius map and ¢ is an isomorphism. The fact that o satisfies
this condition if o € Z[r] with 7 = ¢ and ¢ = p® follows from the following argument :
we have 0 = a9+ ...+ a, 7" with a; € Z. The tangent map of 7 is zero. So the tangent
application of o is the homotethy ag. But the eth power of this application is zero so
ag is divisible by p so the tangent map of o is zero. This implies that o is zero on the
kernel of Fr which gives the result by comparison of the degrees.

To show that the principal polarization also descends, it is necessary and sufficient to

show that

ool =p.

Indeed the polarization A; is rational over F, iff it commutes with 0. Of course it is the
case since ¢ is a polynomial in 7 (which commutes by hypothesis with A;). O

Example 7. Let C be a curve of genus g over Fy with 0-defect. Then the eigenvalues
are {m, T} repeated g times, with

0

= 03 with o = 1+2_ ,0=—7—2.

Suppose that g = 23 then m =5 and © = _5%/?7
So we can apply the proposition and we can descend the curve C over F,. One has

|C(Fo)|=p+1—gtr(c) =24+1—g

which is impossible for g > 4. So there does not exist a curve with 0-defect over Fg when
g>4.

3.4 Codes

This is part of [TV91].
Linear codes are a nice domain of applications of the theory we have developed so far.

3.4.1 Definitions

Let A be a finite set of order ¢, which we call an alphabet. The set A™ is equipped with
the Hamming metric : the distance d(a, b) is the number of coordinates in which a and
b differ:

d((a1,--,an), (b1, ..., bs)) = |{ila; # bi}|.
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Any non-empty subset C C A" is called a g — ary code of length n. The log-cardinality
is k = log,(|C[). The minimum distance is defined as

d = min{d(a,b)|a,b € C,a # b}.

A code with these parameters is called an [n, k, d]4-code. The following relative param-
eters are also useful : the rate R = k/n and the relative minimum distance 6 = d/n.
Let us briefly explain why codes are called error-correcting. Start with a given message
which is long enough and written in the alphabet A. When this message is transmitted
over a channel it is distorted by random fluctuations (noise). Here is a way out. Take
an [n,k,d|s-code C. Let for simplicity £ be an integer. Cut the message into pieces of
length k each. Map every word of length k to an element of C, i.e fix an embedding
E : A¥ — C C A", and instead of the piece a € AF of the message let us transmit
the corresponding word E(a) of length n (we encode the message). The transmission
is now 1/R times slower, which justifies the term rate for R. On the other end of the
channel, we obtain a distorted word F(a)’ € A™ and we transform it into the nearest
word E(a)” € C (i.e we decode the message). If the number of distortions is at most
[(d —1)/2], then E(a)” = E(a), i.e the decoding is correct.

Therefore, a ‘good’ code is a code with large n and R, ¢ as close as possible to 1.

Both for the construction of good codes and for the design of algorithm of coding and
decoding, the notion of a code over an arbitrary alphabet is too poor in structure.

Definition 3.4.1. Let A = F,; with ¢ = p™. A linear code C of length n is a linear
subspace C C Fy. For linear code k = dimC, d = min{la|,a € C,a # 0} where
|a| = |{7|a; # 0}| being the weight of a.

Example 8. C'=F} is an [n,n, 1];-code.

C={(v,-..,v) €EF} /> v; =0} is a [n,n —1,2]; code.

Let P = {Py,...,P,} C F,. Consider the linear space L(a) of all polynomials in one
variable of degree at most a with coefficients in F;. We have dim(L(a)) = a + 1. For
n > a a non-zero polynomial f(z) € L(a) cannot vanish at all points of P. Moreover it
has at least (n — a) non-zero values at points of P. The evaluation map

EU:L(G)%F; f'_)(f(Pl)aaf(Pn))

is then injective and its image is an [n,a + 1,n — a]4-code called a Reed-Solomon code
of degree a.
As we will see all these codes are a particular case of genus 0 code.

Consider the couples (6(C), R(C)) for all linear codes C. They form a subset V, of
[0,1]2. We denote U, the set of limit points of V;, i.e (6, R) € U, iff there exists an
infinite sequence of different (linear) codes C; such that

lim(6(C;), R(C;)) = (6, R).

Since there is only a finite number of codes of each length, for each sequence n(C;) — oo.
If § > 0 and R > 0 such a sequence of codes C; is called asymptotically good.
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Theorem 3.4.1. There exists a continuous function ay(), 0 € [0,1] such that
Uy = {6, R)/0 < R < ay0)}

Moreover a4(0) = 1 and aq(d) = 0 for (¢ —1)/q < § < 1, and a4 decreases on the
segment [0, (¢ —1)/q].

Figure 3.1: Function a4(9)

R

1

Uq

Remark 33. The same result exists for non-linear code.

Almost nothing is now about this function (is it convex, differentiable ?) except some
upper and lower bounds which are called asymptotic bounds.

Proposition 3.4.1 (The Singleton bound). «o,(§) <1 —4.

Proof. Let C C Iy a subspace of dimension k. If d is its minimum distance it means
that for all v € C at most n — d components of v are 0. Suppose that K > n —d+1
then there exists a non zero vector in C' with n — d + 1 zero components (by solving
the corresponding system). So we get a contradiction and £ < n — d + 1. This gives us
R <1—0+1/n so by passing to the limit, we get o(d) <1 —4. O

We report also the following lower bound for comparison with the AG-bound.
Proposition 3.4.2 (Gilbert-Varshamov bound). Let
Hy(z) = zlog,(q¢ — 1) — zlog, =z — (1 — z)log,(1 — 7).
One has ag4(6) > 1 — Hy(6).
Remark 34. One has also the Hamming upper bound

ag(8) < 1~ Hy(6/2).
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3.4.2 AG-codes

Algebraic-geometric codes (AG-codes) were discovered by V.D. Goppa and came as a
result of many years of thinking over the possible generalization of Reed-Solomon codes.
Their success comes from the improvements on the asymptotic problem they give.
Let X/IF, be a curve such that X(IF,) # 0. Let P = (P1,...,P,) C X(F,;) of order n
and D € Div(X/F,). We assume that SuppD NP = (.
Consider the map

Ev:L(D) = F; = (f(P1),...,f(Pn)).

We get a code C = Ev(L(D)). We use the notation C = (X, P, D).

Suppose that D is chosen in such a way that any function f € L(D) has at most b zeros
at Fy-points of X. If n > b then Ev is an embedding, k¥ = I(D) and d > n — b. The
Riemman-Roch theorem makes it possible to estimate the parameters of C.

Theorem 3.4.2. Let X be a curve of genus g and let 0 < deg(D) =a <n = |P|. Then
C =(X,P,D) is a [n,k,d)g-code withk >a—g+1 and d > n — a.

Proof. Let D = D1 — Dy, D1 > 0,D9 > 0. A non-zero function f € L(D) has at most
a1 = deg(D1) poles and at least as = deg(D3) zeroes in SuppD since D+(f)o—(f)co > 0.
Hence the number of its zeros out of the SuppD is at most a; — as = a. We have
suppose that a < n so Ev is an embedding. Moreover Ev(f) has at least n — a non-zero
coordinates, thus d > n —a. On the other hand C ~ L(D), ie k =1l(D) >a—g+1
according to the Riemann-Roch theorem. O

Corollary 3.4.1. Let X be a curve of genus g over Fy and let N = |X(FF;)| > g — 1.
Then for any n = g+ 1,...,N and for any k = 1,...,n — g there exists a linear
[n, k,d]q-code whose parameters satisfy

k+d=n—-g+1.

Example 9. It is clear that the Reed-Salomon codes are examples of AG-code with
X =P

Consider the cubic X /Ty : y*+y = x3+x. It has 5 points over Fy : (0,0),(0,1),(1,0), (1,1)
and O. We take D = 2(0); then we have L(D) = {0,1,z,z + 1} and evaluating at the
remaining 4 points we obtain the following code :

= = =
= =0 o
S O = =

)
)
)
)
an hardly impressing [4,2,2]-code (a good one can be constructed with the Klein’s quartic

and some additional tricks of coding theory).

Let us show now why the AG-codes are so important in the asymptotic theory and why
we are interesting in curves with a lot of points.
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Theorem 3.4.3. If there exists a family of curves X; over F, of genus g; — oo such

that
gi

1
N, <

v = lim inf
where N; = | X;(IF,)|, then
ag(d) >1—v—4.

Proof. According to the last corollary, the codes constructed from X; have parameters
[ni, ki, di]q, where n; =1,2,...,N; and k; =0,1,...,n; — g; and

ki+di=mn; —g; +1,
ieR,=1-— % — ;. Passing at the limit one obtains the result. O

Recall that A(g) = limsup % and so v = 1/A(q). So finding curves (asymptotic families)
with a lot of points, gives large A(q) so small v and then good lower bound for «.

In fact if ¢ is an even power of a prime then A(g) = /g — 1 (in 3.4.3 we will prove that
this is the case for ¢ = p?) and so we get

Corollary 3.4.2. If q is an even power of a prime then

ag(6) >1-(Vg-1)"' 4.

Remark 35. This AG-bound was a big revolution in the theory of codes because it
improves for a lot of cases the classical Gilbert-Varshamov bound which was so far
believed optimal.

3.4.3 Modular codes

We want to construct a family of curves of genus g; over F,» with N; rational points
such that limsup N;/g; = p — 1. We are going to do that by using the modular curves
Xo(N) (the general case requires Drinfeld modular curves).

Let N > 3 and let My be the moduli problem for the elliptic curves with a cyclic
subgroup of order N. My is representable and is an affine curve over Spec(Z[1/N]).
One can compactify it in a smooth projective scheme My, over Spec(Z[1/N]) and M ®C
is isomorphic to the modular curve Xo(N). If p does not divide N then Xy(N) has good
reduction and defines a curve Xo(N) over F,.

We want to give a lower bound on the number |X0(N)(sz)|.

Lemma 3.4.1. Let E be a supersingular elliptic curve over E. Then j(E) € Fy i.e
there exists a model of E over Fp2.

Moreover there exists one supersingular elliptic curve over Fj2 whose Frobenius endo-
morphism can be identified with an integer.

Proof. As Ker([p])(F,) = {O} we see that [p] is purely inseparable. It implies that Fr
is purely inseparable. It follows that we have the following factorization
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E®) Er E
R %
E®?)

where 1 has degree 1 (i.e an isomorphism). So

hence j(E) € Fp.
Now by Th.1.4.1 there exists an elliptic curve with Frobenius polynomial (T — p)? over
F,2. By computing the p-rank, it is clear that the curve is supersingular. O

Let E/F,. be a supersingular elliptic curve whose Frobenius endomorphism acts like
[p]. For all I prime to p, the cyclic subgroups of E of order [ are then all defined over
F,2. Indeed if P € E[l]\ {O} then for o € Gal(F,2 /F,) the Frobenius automorphism
we get P7 = [p]|P so < P >=< P? >. Consider the modular curves Xy() such that
satisfies also [ = 11 (mod 12). The genus of such a curve is (I 4+ 1)/12 and the degree
over the j-line is [ + 1. Moreover by the above argument, all the points lying over
the supersingular j-invariants are rational over 2. Since there are roughly (p —1)/12
supersingular j-invariants (Th.1.3.2), there are, up to a slight error due to the cusps and
the j-values 0 and 1728, at least (I 4+ 1)(p — 1)/12 rational points on Xg(). So the ratio

Ko E)

— 1.
S N0)

As we have seen that A(F,2) <p —1 we conclude that A(F,2) =p — 1.

Remark 36. In 1996, Garcia and Stichtenoth constructed an explicit tower X; over Fe
reaching the bound : start with X; the projective line with coordinates z; and define
Artin-Schreier covers X; by

q _ .qt1
Yip1 T Y41 = 7

with z; = y;/x;_1. Elkies proved that this tower is in fact modular.

Remark 37. When q is not a square, much less is know : one know that there is a
constant ¢ > 0 such that

A(q) > clogy(q)

and one has also
A(g®) > 2(¢" —1)/(qg +2).



Chapter 4

Fast computations of Zeta
functions

4.1 Introduction

Cryptography is playing a more and more important role in our society : smart-card,
INTERNET payment, online banking.... All these applications needs to protect infor-
mation. There exists two main strategies. The first one, historically, is called symmetric
key cryptography. Roughly speaking, it is based on combinatoric tricks and only the
owners of the secret key can cipher and decipher. In 1976, Diffie and Hellman intro-
duced the new concept of public key cryptography. This protocol solves in particular
the important problem (for INTERNET) of a creation of secret key over a non-secure
channel (which was not possible with symmetric cryptography). Here is the principle :

1. Goal : Alice and Bob wants to share a secret key (to cipher and decipher after
with a traditional symmetric protocol for instance).

2. let G be a group that we can assume to be isomorphic to Z/pZ. Let g € G be a
generator.

3. Alice chooses a € Z and sends g* to Bob.
4. Bob chooses b € Z and sends g° to Alice.
5. Secret shared : ¢g%.

One sees that the difficulty to break the code is based on the difficulty to compute
a = log,(g*) (in fact to compute g™ knowing g%, ¢° but these two problems are believed
equivalent). This type of problem is called discrete logarithm problem. Does it exist
groups for which this problem is difficult (whereas the computation of g remains easy
of course) 7 A problem is said difficult if one cannot solve it in a reasonable time with
a good computer. More specifically that means that the number of operations would be
greater than 2.

63
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For a general group G, there is always an attack in \/@ , 80 |G| must have at least 120
bits.

The first concrete example was given in 1978 and is known as RSA (Rivest, Shamir,
Adleman). It is based on the group ;. In order to obtain a difficult problem, one has
to take g with at least 1024 bits because there exist subexponential attacks.

Remark 38. The complexity of the attack —or of construction, computations— (exponen-
tial, subexponential, polynomial) is measured in term of log, |G]|.

One is of course interested in groups for which the order is small (and then the protocol
fast) in other words groups with no subexponential attacks. People have tried with ideal
class groups of number fields, but here again there exists a subexponential attack.
Cryptographers are now very interested in the group of rational points of a Jacobian over
a finite fields, at least when the dimension g is less than 4. Indeed with this restriction
no subexponential attack is known in general. We have to consider curves over k = Fyn
with N = 120/g (because the order of the group of rational points on the Jacobian is
approximately |k|9).

Note however that nobody has proved that a better attack does not exist and this is of
course a big fear of all banks and governments as cryptosystems based on Jacobian (at
least elliptic curves) are wide used nowadays.

Remark 39. One has proved that a secure group (where no sub-exponential attack
occurs) exists. But nobody is able to construct it.

One important practical aspect is the choice of the curve : indeed we need that the
order of the group of rational points of its Jacobian is almost a prime (i.e contains a
large prime factor). Otherwise it is easy to break the code by working on each factor
and using the Chinese Remainder Theorem. One cannot compute this number by brute
force (counting points on g extensions). Indeed this method is clearly of exponential
complexity and cannot be used with I, of cryptographic sizes. Fortunately, two ways
exist to obtain this curve :

¢ One takes random curves of genus g over F, and one has a fast way to compute
the number of points. These algorithms belongs to four categories :

1. l-adics methods : for g = 1 (Schoof); works in large characteristics.

2. Cohomological methods : the most used today is Kedlaya’s algorithm. It
works well when the characteristic is small.

3. p-adic methods based on the canonical lift : they were introduced by Satoh
for elliptic curves in 2000.

4. Deformation theory : this (for the moment theoretical) method was intro-
duced by Lauder in 2002.

e On construct a curve over a number field whose Jacobian endomorphism ring has
a good structure (CM). Then one reduces the curve modulo suitable large prime
for which it is easy to compute the order from the structure. These CM methods
have been developed for g = 1,2 (and certain g = 3) curves.
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On can sum up the state of arts in point counting (i.e methods of the first strategy) in
the following charts.

& Polynomial time algorithm, possible to deal with crypto sizes

N Polynomial time algorithm, impossible to reach crypto sizes

[ Theoretical polynomial time algorithm, not implemented

[-adic methods

general

Schoof, Elkies, Atkin, Couveignes, Lercier, Morain, Miller, Dewaghe, Ver-
cauteren, Pila, Cantor, Kampkéotter, Huang, Ierardi, Adleman, Harley, Gaudry.

Cohomological methods

g=3
g=1 g=2
hyper Csq general
p=2
p small
p large

: Kedlaya, Gurel, Gaudry, Vercauteren.

p-adic methods (canonical lift)

hyper Csy general
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Satoh, Skjernaa, Fouquet, Harley, G., Vercauteren, Mestre, Taguchi, Ritzen-
thaler, Carls.

Deformation

hyper Csy general

Lauder
All together
g=1 g=2 hyper gu;er general
p=2
p small
p large

One sees that even if this domain is only 30 years old, a lot of techniques have
been developed. We will focus on a 2-adic method which is a elegant variant of Satoh’s
algorithm : the AGM-method for genus 1 curve. This method developed in 2000 by
Mestre and implemented by Lercier-Lubicz is nowadays the fastest one in characteristic
2 : a record over Fyioo002 was obtained. Note that this method was then generalized
to hyperelliptic curves [Mes02] and to non hyperelliptic curves of genus 3 [Rit03]. This
method is based on formulas coming from the analytic theory and theta functions. We
will begin by recalling these classical aspects.

Remark 40. In the Tutorial 6.4.4, we will implement, basically, the genus 1 AGM.

4.2 The complex theory

4.2.1 Computation of periods

It was historically the first case handled : Lagrange [Lag67, t.I1,p.253-312] and Gauss
[Gau70, t.111,p.352-353,261-403] introduced the Arithmetic geometric mean to compute
elliptic integrals.
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Theorem 4.2.1. Let a,b be two reals such that 0 < b < a. We have

/“/2 dt n
0  a2cos2t+ b2sin?t ~ 2M(a,b)’

where M(a, b) (arithmetic geometric mean of a and b) is the common limit of

bo=>b bpi1=+va,b,

{ao =a apy1 = —a";b”

Since
(M - \/EV - (an - bn)2 < (afn - bn)2
2 C2(yan +Vba)2 T 8h

these two sequences are adjacent and the convergence is quadratic. This method is then
better than traditional numeric integrations.

The proof is based on a tricky change of variables which transforms the parameters a, b
in the integral into a1, b;. Taking the limit one has then the theorem.

To understand this change of variables we are going to algebraize our problem. Put
T = e3 + (e3 — e3) sin? ¢ with

|afn+1 - bn—|—1| =

2
ay, = €1 —e€3
b% = €1 — €y
0 =e +e+es

We can reformulate the theorem as :

Theorem 4.2.2.
€ dx

es VP(z) T 2M(vVer — es,v/er — e2)

with P(z) = 4(x — e1)(z — e2)(z —e3), e3 < ex < e1.

One recognizes the integral of a regular differential form on the elliptic curve E : y? =
P(z). More precisely, if one denotes by C/A with A = Zw; + Zwy (wy real wy purely
imaginary) the complex torus E(C), one has the isomorphism

u: C/A — E(C)
[2] = (z=P):y=P(2):1) z¢A
[2] — (0:1:0) PE=.\

and (see figure 4.1)

1: = = R li—
w2 ws /2 P'(z) es Y es /P(t)
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Figure 4.1: The map u

2 | es i | e3 e2 e1
Il I
! I
! |
I
i

The problem is now the computation of a period of a differential of the 1st kind on a
Riemann surface.

Let 7 = wy/wy. In the theory of abelian varieties over C, it is classical to introduce theta
functions. They can be seen as holomorphic sections of sheaves but we want to give here
a more straightforward definition for elliptic curves (see [Ros86] for the general theory).

Definition 4.2.1. Let 7 € H, €, € {0,1}. One defines the theta function with
characteristic (e, €') by

98] (z,7) = Z exp(im(n + €/2)%1 + 2im(n + €/2)(z + € /2))
nez

It is an analytic function of the variable z. If z = 0, one denotes also ¥ [7] (0,7) =
35 (7). When (e,€') # (1,1), 9[5] (1) # 0 and is called a theta constant.
These values have the following properties.

Proposition 4.2.1. 1. Limit :

lim J[J(r)=_lm 9[9(r)=1.

Im 7—>+o00 Im 7—>+00

2. Thomae’s formula :
wiver —e3 = m-9[J] (1)?
Wiy €1 —eg = 71"(9[(1)] (’7’)2

3. Duplication formula :

9 (2r)2 = WO HL@?

I 2r)? = VI (1) [](7)?

Remark 41. As the theta constants are positive reals (because 7 is purely imaginary),
the sign of the square roots is always the positive one. When it is no more the case, the
choice is a bit more subtle as we will see in 4.2.3.
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4.2.2 Proofs

We want to give two proofs of Th.4.2.2. The first one is straightforward. As the
duplication formula is exactly the AGM recursion, we can write

ag =0[](1)? an =0[g(2"7)
bo =9 [J(1)? bn=9[] (2"7)?
By the limit property, one has
M (8] ()%, 909 (1)?) = 1.

The AGM recursion being homogeneous, one obtains the theorem thanks to Thomae
formula, :

Wiy €1 — € wiy/€1 — € w
M (ag,bo) = M(— ; it 71r %) ?IM(\/61—63,\/61—62)=1-

The second proof will reveal the true geometry behind the result. Consider again
the elliptic curve E : y?> = P(z). This curve is isomorphic to the curve E, = Eq 0
defined by

E;:yp = wo(zo— (1 —e3))(a0 — (e1 — €2)) (4.1)
7T2 7('2

= 20 (0~ 5ol 1) (20 - i ) (12)

= zo(zo — ag)(zo — bp), (4.3)

One can then construct the following diagram.

(C/Zw1 + Zws Gﬂﬁ (C/Zw1 + Zuwsy

UZT\Lﬁ ﬁlur
g

EQT(C) ET ((C)

where Ey, = E,, 3, and f, g are 2-isogenies given by (see for instance [BM89]):

a? - b yi(z? — 2z1a? + a’b?
g og) o (o S0, HE NG LA (4.4
z1 —aj (z1 —ay)
2 272 2
Yo a+by yo(a®b® — zg)
: = — 4.
R e (45)

In particular the kernel of f is < (0,0) >.
We can now finish the proof : since G*(dz) = dz we have g*(dzo/yo) = dz1/y1. Now

*© dz —® —idxg % dx % dz,
w; =2 — =2 — = ———=...= —i—.
e Y 0 2y 0 (7 0 Yn
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By iteration :
E. = FEy = ... By — ... = Eg 1 y? = z(z — M(ag, by)?)>.

But E is a genus 0 curve which means that there exists a parametrization which gives

\/;( —0oQ
s V2@ - M(ao, by)?)? M(ao,bo) | -~ Mao,b0)’

4.2.3 With complex values

One can wonder what happens when 7 is not purely imaginary. The problem was already
handled by Gauss (see [Cox84]).
Let a,b € C such that b/a ¢ {0,£1} with |a| > |b|.

Definition 4.2.2. by = +Vab is called a good root if |ay — bi| < |a1 + b1| and if
|ar — b1| = |a1 + b1| one has also (b1 /a1) > 0.

The AGM sequence (an,by) is called good if byt1 is a good choice of \/apby, for all but
a finite number of n.

Proposition 4.2.2. (ay,by,) converges to a common non zero limit iff (an,by) is good.
One defines then :

Definition 4.2.3. A number u is called an arithmetic-geometric mean of (a,b) if there
ezists a good sequence converging to u. We denotes by {M (a,b)} the set of these values.
The value obtained by doing always a good choice is called simple value and denoted
M(a,b).

We have the fundamental result.

Theorem 4.2.3 (Gauss). Let u = M(a,b) and A = M(a + b,a — b) then every value
u' € {M(a,b)} is given by
_d ic

1
peooopo A
with c,d coprime such that d =1 (mod 4) and ¢ =0 (mod 4).

The proof of this theorem introduces naturally the moduli space H/T'2 (4)

r2(4):{7:<3 Z>|a5d51 (mod 4),c=0 (mod4),b=0 (mod 2)}.

This moduli space parametrizes elliptic curves with a 2 and a 4 torsion points up to
isomorphism. The AGM method may be interpreted as a path to the border of this
moduli space ( which consists of degenerated curves).
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Figure 4.2: Fundamental domain for I'%(4)

Remark 42. One can show that 7/p and i/ are two periods of the curve E : y? =
z(r — a®)(z — b?).

Recently R. Dupont has used the AGM algorithm in the opposite direction : know-
ing 7 he was able to give a quadratic algorithm to compute the theta constants. A
generalization to the genus 2 case is a work in progress.

4.3 2-adic method

Let ¢ = 2V k = F, and Q; be the unramified extension of degree N of (&, Z, its
ring of integers, v its valuation and o the Frobenius substitution (i.e the unique Galois
automorphism of Q, such that oz = z? (mod 2)). The aim of this section is to give an
algorithm which we can present as

AGM

E/F, ordinary e.c. ' E/7, "=5" €/Z, canonical lift AGM Frobenius trace.
cv

Let us detail now the different parts.

4.3.1 Lift

In characteristic 0 we want to use the form E,p : y> = z(z — a®)(z — b?). Of course we
cannot use this model in characteristic 2. We propose two different solutions to solve
this problem.

First solution

Lemma 4.3.1 ([Ver03]). Let a,b € 1 + 4Z, with b/a € 1+ 8Z4. Then
E.p 5 Eyl+aoy=2+re®+sz+t
%

z—ab y—x+ab
4 7 8

(z,9)
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for some r,s,t € Zy such that

~ a—>
E:y2+xy:a:3+( 3 )

We then consider E as y? + zy = 2° + ¢, let 7 € Z, such that r = /¢ (mod 2) and take

ag =1+ 4r
bp=1-4r

The advantage of this model is that there is a rational 4 torsion point (c!/%,c/?). This
point enables to find the sign of +tr(7) that occurs at the end of the algorithm because
tr(m) ~ 1 (mod 4). The drawback is that this model does not represent all cases.
Moreover it gives no clue on a possible generalization to higher hyperelliptic cases.

Second solution

Starting with a general ordinary elliptic curve E : y% + xy = x° + agx® + asxw + as,
we can always get rid of the ag coefficient. We lift then F naturally and make the
transformation

4 1
Yi=(y+ g)Q = z(z® + %x +1).
We can factorize the left member over Q; in z(z — a)(z — 8) with v(a) = —2 and

v(B) = 2. Let X =z — a we have then a model
Y2=X(X+a)(X +a-p).
As u(af;ﬂ —1) =v(§) =4, we can take

a():l
b=1/2L ez,

YZ=X(X-1)(X —b).

Note that this curve is not isomorphic over (@, to the original one but is a quadratic
twist. However, as we will obtain the trace of the Frobenius only up to a sign, this is

and consider the curve

not an issue.

Remark 43. We have to get rid of the ag coefficient, otherwise we might have to factorize

the left member in a ramified extension of Qy (it is the case for instance with y? + zy =
3

z® +1).

4.3.2 Convergence

Let start with a model Ey = Eg 3, over Zg lifting E. Let denote E; = E,, p, the elliptic
curves obtained by AGM iterations. Let denote also E" the canonical lift of E which is
completely characterized by its j-invariant J. We want to prove that the AGM sequence
converges to the Galois cycle associated to the canonical lift. We give two proofs.
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First proof

We are going to use the following theorem.

Theorem 4.3.1 ([VPVO0L, §. 2]). Let = € Z, such that x = J (mod 2°) with i € N.
Then there exists a unique y € Zg such that y = z* (mod 2) and ®3(z,y) = 0. Moreover
y=j((E@)") = J° (mod 2°*).

Recall that @, is the modular polynomial of order p. If E and E’ are two elliptic curves
that are p-isogenous then ®,(j(E), j(E')) = 0.

We have of course ®9(E;, F;11) = 0 by the complex computations of 4.2. An easy
computation shows also the following congruence.

Lemma 4.3.2. j(E; ;1) = j(E;)? (mod 2).
By iteration of the AGM we then obtain

§(Bn) = §((EFNT)  (mod 21).

Second proof

The second proof uses a result of Carls. It avoids explicit invariants and is then useful
for generalization.

Theorem 4.3.2 ([Car02, Th.3]). Let A be an abelian variety over Fy, A/Z4 be an
abelian scheme with special fiber A. One defines a sequence

.A:.AQ—>.A1—>...

where the kernel of the isogenies are the components A;[2)'¢ (i.e the 2-torsion points in
the kernel of the reduction). We have

lim A,y = A"

n—oo
i.e for all n, (ANn)/Z((IN"H) = (A;Vn)/ZgNnH) where Z((Ii) = Z4/2Zy ~ ZJ2Z. In
particular the convergence s linear.

Using 4.2 we see that if we still denote by f : E; — E;+1 the 2-isogeny induced by
the AGMe-iteration, then ker f =< (0,0) > and (0,0) reduces on O (because the kernel
corresponds to the point («,0) in the reduction, which is of negative valuation). We can
then apply the previous theorem.

4.3.3 Trace of the Frobenius

To compute the Frobenius polynomial we only need the trace of the Frobenius on W(E’)
for I # p. But this trace can be already read on regular differentials. We have the
classical proposition.
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Proposition 4.3.1 (Satoh). Let E be an elliptic curve over (; having good reduction
modulo p and let f € Endg,(E) of degree d. Let w be a regular differential on E and let
f*(w) = cw be the action of f on w then tr(f) =c+ %.

In particular if f lifts the Frobenius endomorphism, we have x(X) = X2 — ¢X +q.
We need also the following elementary lemma.

Lemma 4.3.3. Let B, : y? = z(z — a?)(z — V?) et Epy : y? = 2'(z' — a’?)(z' — V?)

. 2 12 . .

with & = % =1 (mod 2). If E and E' are isomorphic then x = u?z! and y = udy
. 2 2 b? 2 12 2 bl?

with u® = %. Furthermore 3z = 37 or 3z = o=

Proof. The two curves being isomorphic, there exists (u,r) € (Z; x Q) such that z =
u?z! + r and y = u?y. It is enough to show that » = 0. With the usual notations of
[Sil92, chap.I11,1.2], one has

—4u(a? +b0?) =by = by+12r = —4(a® +b%) + 12r
0= u6b'6 = dr(r — a2)(7“ - b2)

The first equality shows that 7 = 0 (mod 2) and the second that r = 0 since neither a?

or b? are congruent to 0. The first equality gives also the value of u?. O
Let &4, 5, be the canonical lift. We can then construct the following diagram
ga‘gabg VeT
Fr
|
90
gal,lh <7 Cao,bo

f

|

E®

|

E

where ¢ is an isomorphism because the two maps have the same kernel < (0,0) >. Let
w = dz/y, we then get

(Ve)*(w) = (g0 ¢)*(w) = ¢"(w) = —

. 22
with u2 = 1
(a3)e+(b3)”

with the complex interpretation of g as z — 2.
We want to simplify a bit the expression of u%. we have

because g acts by identity as we can see on the explicit formula or

by \ 2
) (a1)21+(a)
uw==) ——~2-

o o\ 2°
HENE)
0
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Let Ay = by/a; and A\g = by/ap. By Lem.4.3.3 M2 = (A\2)? or A = ﬁ Let us prove
that it is the first case which occurs. We can write A\; = 1 + 8¢; with c;) € Zg so the first
case occurs iff

1 =¢j (mod 4).

By the AGM iteration, we have
14 4cy

\/1 + 860

As after the first iteration cg is itself a square ag modulo 4, we have

1+8c = = ¢ =c¢; (mod 4).

=)’ =aj=c; (mod4).

So we get ¢; = ¢f (mod 4) which proves

The trace of the Frobenius endomorphism is the same as the trace of the Verschiebung.
One has

o---oVe)::t( +2NN(u)>

N (u)

with N (u) = Normg, /q, (a1/a0)-

4.3.4 Complexity and Conclusion

Since by the Hasse-Weil theorem tr(m) < 2,/q it is enough to compute the previous
norm with [N/2] + 2 bits. Several implementations of this method have been achieved
: see [Ver03] for a nice overview and running times. The best complexity obtained is
quasi-quadratic in time and quadratic in space.

One of the attractive aspect of the AGM method is the simplicity of the formulas in-
volved. Another one is the natural generalizations one can obtain for hyperelliptic curves
and non hyperelliptic curves of genus 3. On the contrary it seems that generalization
to other characteristics would be less efficient and less elegant due to the complexity of
the new AGM formulas.
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Chapter 5

Appendix

5.1 Appendix A : abelian varieties

5.1.1 Definitions

Definition 5.1.1. A group variety over a field K is a variety V over K together with
morphisms

m:V xV =V  (multiplication),inv : V =V (inverse),

and a element € € V(K) such that the structure on V(K) defined by m,inv is that of a
group with identity e.

A group variety is automatically nonsingular.

Definition 5.1.2. A complete (i.e proper over K) group variety is called an abelian
variety.

Fortunately we get for free that abelian varieties are projective and the group law is
commutative.

About morphisms now. Let A, B two abelian varieties. Every morphism f : A — B is
the composite of a homomorphism with a translation. Among them the following ones
are more important.

Definition 5.1.3. Let f : A — B a homomorphism such that one of the following
equivalent properties holds :

1. dim A = dim B and [ is surjective;
2. dim A = dim B and ker(f) is a finite group scheme;
3. f is finite, flat and surjective.

f is called an isogeny.

7
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The degree of an isogeny f : A — B is defined to be the order of the kernel of f (as
a finite group scheme). We have deg(f o g) = deg(f)deg(g). Let n = deg(f); then
ker(f) C ker([n]) and so [n] factors as [n] = g o f with an isogeny g.

Theorem 5.1.1. Let A be an abelian variety of dimension g and let n > 0 be an
integer. Then [n] : A — A is an isogeny of degree n9; it is étale (i.e séparable) iff the
characteristic of K does not divide n.

Remark 44. If K is separably algebraically closed and n is not divisible by its character-
istic, then the theorem says that the kernel of [n] : A(K) — A(K) has n?9 elements. It
is then a free Z/nZ-module of rank 2g. We may then construct (like for elliptic curves)

Ty(A) :=lim A[I"].

5.1.2 Dual abelian variety and polarization

Proposition 5.1.1. Let A be an abelian variety over K. There exists an abelian variety
A over K such that

1. A(K') = Pic®(Ag) for all extension K' of K.

D>>>

2. A=A.

S if f: AA—> B is an isogeny with kernel N, then there exists an isogeny of the same
degree f : B — A with kernel N, the Cartier dual of N.

The statement about the kernels requires explanation. If the degree of f is prime to
the characteristic, then N is an algebraic group of dimension zero over k, and the dual
is taken in the following sense : if K is separably closed, N can be identified with the
abstract group N(k), which is finite and commutative; then

K = Hom(N, i (K)),

where n is any integer killing N. If K is not separably closed, then N(K*P) has an
action of Gal(K*?,K) and N(K*) has the induced action.

Let £ be an invertible sheaf on A. Then we can define the map ¢, : A(K) — Pic®(A)
which sends a — t5£ ® £~! where t, is the translation by a.

Definition 5.1.4. A polarization XA on A is an isogeny A : A — A such that A\ = or
for some ample invertible sheaf L on Az. The degree of a polarization is its degree as
an isogeny. An abelian variety together with a polarization is called a polarized abelian
variety. If A is an isomorphism then X\ is said to be a principal polarization.

Recall that £ is ample iff there exists a positive integer n such that the map A — PV
associated to L™ is an embedding (one can take n = 3).
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Remark 45. If X is a polarization, there need not exist an £ on A. However it is the
case if K is finite.

Theorem 5.1.2. Any abelian variety has a polarization.

Remark 46. Consider A/C. One can show that A(C) is a complex torus C9/A. Recip-
rocally it is not true that every torus 7' = C?/A, g > 2 is an abelian variety. Actually
T is an abelian variety iff 7' has a ample sheaf (i.e 7" has a polarization, i.e T has a
projective embedding).

5.1.3 Pairings

If M and N denote the kernels of an isogeny f and its dual f , then there is a canonical
pairing M x N — p,, which identifies each group scheme with the Cartier dual of the
other. In the case that f is the multiplication by m and if m is prime to the characteristic
we then obtain a non-degenerate pairing of Gal(K /K )-modules

Em: Alm] x Alm] - K.

Remark 47. One can give the same explicit description of this pairing as for elliptic
curves (see 1.2.1).

We have also a compatibility relation.

Lemma 5.1.1. Let m and n be integers prime to the characteristic. Then for all
S € Almn] and all T € A[mn],

Cnn (S, T)" =€m(nS,nT).
Thanks to this lemma, we can operate on limits and define a pairing e; : Tj;(A) X T;(A) —

Ti(p)-

Proposition 5.1.2. If ¢ : A — B is a homomorphism then ¢ and qg are adjoints for
the pairing.
Nowfor \: A —> Aa polarization we can define
e = Ti(A) x Ti(A) = Ti(p)-
This pairing has the same good properties as the Weil pairing for elliptic curves.

Proposition 5.1.3. The pairing el)‘ is bilinear, alternating, non-degenerate, Galois in-
variant.
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5.1.4 Rosati involution

Fix a polarization A on A. As X is an isogeny, it has an inverse in Hom®(4, A).

Definition 5.1.5. The Rosati involution on End®(A) corresponding to X is
aaf =x"Todo .
This has the following properties :
(a+ P =al + 67, (ap)! = plal, [a)' = [a].
For any S,T € V;(A),
e} (aS,T) = e/(aS,\T) = (S, & o XT) = &S, ! T).
From which it follows that off = a.

Theorem 5.1.3. The bilinear form
(o, B) = tr{co BY) : End®(A) x End’(A) —» Q

is positive definite.

5.1.5 Jacobian

A complete book can be devoted (and several have been devoted) to the interactions
between a curve and its Jacobian. We will give here a tiny insight of the subject.

Let C/K be a curve of genus g > 1. If C(K) is not empty, then a choice of a point P°
in C(K) defines an injection C(K) < Pic’(Cx) sending P to the class (P — Py) (up to
linear equivalence). This map is a bijection when g = 1, thus allowing us in this case to
identify the group Pic”(Cg) with the points of an abelian variety.

More generally one can associate to any curve C/K an abelian variety J/K of dimension
g called the Jacobian variety of C and denoted Jac(C). However if we want good
functorial properties we have to suppose that C(K) # (). Then

o if K C K' C K, then the set of K'-rational points J(K') is in bijection with
Pic’(C/K') := Pic?(C) G2 K/ K,

e Given Py € C(K), there exists a functorial morphism of algebraic varieties C' — J,
@ﬁned over K, that sends Py to the 0 of J. This mapping induces on the sets of
K-rational points the map P+ (P — Py). This mapping is called a Jacobi map.

e Universal property : let A/K be an abelian variety then every rational map from
C to A factors through J.

Moreover J has a canonical principal polarization which depends only of C. We denote
© the ample sheaf associated to it.
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Remark 48. Analytically, the construction of the Jacobian variety is not very difficult.
If C is a curve over C of genus g, recall that (from topology) C is a g-holed torus and
that H1(C,Z) has a canonical basis 1, ..., 724, roughly speaking each loop ; goes once

round one hole. If wy,...,wy is a basis of regular differentials, one can then consider the
vectors
T = e

called period vectors. On can prove that these 2g vectors are linearly independent over
R so €9/ Zn; is a torus (in a fancy way we can write it as Hy(C, Q')*/H;(C,Z)). One
can then prove that it is an abelian variety because it has a Riemann form coming from
the intersection product (see for example [Ros86]).

One has also an application

Div’(C) — Jac(C) ,ZniPi = (w— an /Pi w).
P

This map is surjective (Jacobi inversion formula) and its kernel is precisely the group of
principal divisor (Abel theorem). We get an isomorphism between Pic?(C) and Jac(C).

5.2 Appendix B

5.2.1 Frobenius morphisms and Verschiebung

We define first the absolute Frobenius morphism F : X — X as follow : F is the identity
map on the topological space of X and F*O — O is the pth power map.

Remark 49. F is not a linear map. We have a commutative diagram

X X

L,

Spec(k) . Spec(k)

where F' : Spec(k) — Spec(k) corresponds to the pth power of k.

We define now a new scheme X(®) = X @ »Spec(k). By definition of the fiber product
we can then construct the following diagram
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We call Fr the (relative) Frobenius morphism.

In the case where X is an affine scheme defined by Spec(M) with M = k[z1,...,z,]/(fi)
then X® is defined by Spec(M ®r k ~ k[z1,... ,xn]/(fi(p)) where if f; = > a;z’ then
fi(p =% alz!. Thus we find the classical definition.

Note that if X/k is a curve then X(?) is the curve with function field k(X)? = {f?, f €

Proposition 5.2.1. Let X/k be a variety of dimension n. Then Fr: X — X(®) s q
purely inseparable morphism of degree p™.

We can reiterate the process. By abuse of notation one still calls Fr the morphism
and Fr"* : X — X ("),
From now on, let k£ = I, with ¢ = p" and X/k. One has then that X(@ = X. One calls
then m# = Fr" : X — X the Frobenius endomorphism of X/k.

Proposition 5.2.2. Let 7 : k +— k,z — z9 the Frobenius automorphism of k/k. The

Galois action induces by the Frobenius automorphism on X (k) equals the action of the
Frobenius endomorphism of X/k.

When X = A is an abelian variety defined over k, the relative Frobenius Fr : A —
A is an isogeny. As deg(Fr) = p, one can write [p] = Fr o Ve where Ve is an isogeny
called the (relative) Verschiebung morphism (We can also define the Verschiebung en-
domorphism denoted V).

Example 10. If E/k is an elliptic curve then one sees that

{degsap]) = p (resp. 1)

deg;([p]) = p (resp. p?)

when E is ordinary (resp. supersingular). Then Ve is separable (resp. purely insepara-
ble).

More generally one can prove see that A is ordinary iff Ve is separable.

5.2.2 Descent theory

This is copied from [Ser75, V.4].

Let K; be an extension of a field K and let V' be an algebraic variety defined over Kj.
‘To descend the base field of V' from K; to K’ means to find a variety W/K which is
isomorphic to V over Ki. Let us denote f : W — V an isomorphism.

We suppose from now on that K7 is a finite Galois extension of K with Galois group G.
If 0 € G one can apply it to V, W and f. We obtain the diagram
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The h, are Ki-isomorphisms of V' to V7 ; they satisfy the identity
hor = (hg)" © h. (5.1)

We are thus led to make precise the notion of descent of the base field in the following
manner : given Kj-isomorphisms h, : V — V satisfying (5.1), we seek a variety W/K
and an isomorphism f satisfying the diagram.

Proposition 5.2.3. Let V be a quasi-projective variety over Ki. Then the descend of
the base field is possible and unique.

When K = F; and K; = Fyn, one can simplify the statement.

Corollary 5.2.1. Let 0 : x — z? be a generator of Gal(K1/K). The variety V/K;i can
be descend over K iff there exists a Ki-isomorphism h :V — V? such that

n—1

h® o+« oh®oh=1.

5.2.3 Torelli theorem

Let K be a field. Let X, X’ two curves defined over K. We are giving a precise version
of Torelli’s theorem as Serre does (see Appendix of [Lau01]). Torelli’s theorem allows
us to relate information on the curve with information on the Jacobian and is used in
the part about automorphisms (2.2.4) and about maximal curves (3.3.3).

Theorem 5.2.1. Let X be a hyperelliptic curve. Then for all isomorphism
F: (Jac(X),0) = (Jac(X'),0")

there exists a unique isomorphism f : X — X' inducing F.

Theorem 5.2.2. Let X be a non hyperelliptic curve. Then for all isomorphism
F: (Jac(X),0) = (Jac(X'),0")

there exists a isomorphism f : X — X' and e = +1 such that F = ef; where f; is the
isomorphism induced by f. The couple (f,e) is uniquely determined by F.

Note that X is hyperelliptic iff there exists an automorphism s of X such that sy = —1.
Corollary 5.2.2.

Aut(X) if X is hyperelliptic

Aut(Jac(X),0) = e L
{£1} x Aut(X) if X is non hyperelliptic
Relations between the curve and its Jacobian play a crucial role in geometry. It
is not a surprised that a lot of interesting conjectures turn around this topic. Let us
mention :
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e By dimension argument it is not difficult to see that every principally polarized
abelian variety is not isomorphic to a Jacobian (the moduli spaces dimensions are
respectively g(g + 1)/2 and 3g — 3). However, the explicit characterization (over
C) of Jacobians is a famous problem called Schottky problem.

e Oort’s conjecture : is every abelian variety over k = I, k-isogenous to a Jacobian
?

e Howe-Maisner-Nart’s work : when is an abelian surface over k = IF;, k-isogenous
to a Jacobian ?

5.2.4 Cohomology

Let X be a scheme of finite type over k, algebraically closed of characteristic p (X
will be for us a curve or an abelian variety). We can associate to X étale cohomology
groups, denoted H*(X¢;,Z;). These groups have been created to give good analogues
of the standards H*(X,Z) in characteristic 0. We will not give any details about this
construction here and just give the properties needed.

1. the groups H*(X;,Z;) are Z;modules. They are trivial except in the range 0 <
1 < 2n where n is the dimension of X. They are known to be finite dimensional if
X is proper over k.

2. H'(Xg,7,;) is a contravariant function in X.
3. Let X = A be an abelian variety.

e There is a canonical isomorphism H' (A, Z;) ~ Ti(A)*. If A is defined over a
finite field ko then this isomorphism is compatible with the Gal(k/kg)-action.

e The cup-product pairings define isomorphisms
A" H (A, Z1) ~ H' (Agy, Zy).
In particular H" (Ag, Z;) is a free Z;-module of rank (QTQ).
4. Let X = C a curve and J = Jac(C) then we have a canonical isomorphism
HY(Cet, Zi) = H (Jex, Z1) = Ti(J)*
Moreover we have the fundamental theorem for which these groups were originally in-
troduced :

Theorem 5.2.3 (Lefschetz fixed-point formula). Let X be smooth and proper over
k. Let f : X — X be a morphism with isolated fized points, and for each point x € X,
assume that the action 1 — df on regular differentials in injective. Denote L(f,X) the
number of fized points of f. Then

L(f,X) = ) _(-1)'tr(f|H' (Xa, Q))-

Remark 50. We have the comparison theorem [KL02] : if X is smooth and proper over
C then ' .
HZ(Xét, Zl) QC ~ HZ(Xan, C)
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5.3 Appendix C : reduction and lifting

In the following we fix a discrete valuation field K (e.g. K = Q, or F,((z))), with
valuation v and residue field k. The interested reader will find more in [Liu03].

5.3.1 Reduction

Denote by R the valuation ring of K (e.g. Z, or F,[[z]]), and p = Char(k). It is not
necessary to suppose R complete.

Let us start with the definition of reduction. To give a projective variety X is to give
some homogeneous polynomials F1,..., F,, € K[Ty,...,T,] with coefficients in K.

Definition 5.3.1. 4 model X of X over R is a projective scheme over R (defined by
homogeneous polynomials G1,...,Gn € R[So,...,Syn]) such that the projective variety
over K associated to the G;’s is isomorphic to Xx. We require furthermore the technical
condition that X is a flat scheme over R. This condition is satisfied for example if X
is integral (e.g. the ideal generated by the G;’s is a prime ideal).

Definition 5.3.2. Let G; be the canonical image of G; in k[So,--.,Sm]. Then the
G;’s define a projective variety over k denoted by Xj. It is called a reduction of Xg. It
depends on the choice of a model of Xi. One has X = X ®rk. The flatness hypothesis
on X insures that X, has the same dimension as Xg.

Remark 51. If X is a smooth projective curve of genus g > 1 then X has a so called
minimal regular model which is unique.

Definition 5.3.3. We say that Xg has good reduction if there exists a model X such
that Xy, is smooth. Note that Xy is then unique if Xg is a curve or an abelian variety.
If there exists a finite extension K'/K such that the curve Xy = Xg ® Spec(K') has
good reduction, we will say that X has potentially good reduction

Example 11. Suppose that p # 3. Let Xg be the elliptic curve defined by

y2z =23 + a2®

with 1 < v(a) < 5. The same equation defines a plane model P of Xg over R whose

reduction is a singular curve :

vz = .

One can show that actually Xx cannot have good reduction. However if we enlarge the
base field K to K' = K[a] by including a 6-th root a of a, then

(y/a®)z = (z/a®)’ + 2°
defines a model of X+ with good reduction.

What happens to the automorphism group when one reduces a curve ?



86 CHAPTER 5. APPENDIX

Proposition 5.3.1 ([DM69, Th.1.11]). If the curve Ck has good reduction, then
Autg (Ck) is a subgroup of Auty(Cy).

What happens to the Jacobian of the curve ?

Proposition 5.3.2. If the curve Ck has good reduction, then its Jacobian Jx also and
Jac(Ck) = Jk.

Remark 52. The converse is not true : it is possible that the Jacobian has good reduc-
tion but not the curve. For instance, if one consider a genus 2 curves with complex
multiplication then its Jacobian has (potentially good reduction) everywhere. But of
course for a prime which divides the minimal discriminant the curve has bad reduction.
Note that this is reflected by the fact that the Jacobian reduces to a product of two
supersingular elliptic curves with the trivial polarization (superspecial form) ; it is not
then the Jacobian of a curve.

5.3.2 Lifting

We will suppose that R is complete. Let Z be a projective variety over k. We want to
lift Z to a smooth projective variety Xx over K, i.e to find a projective scheme X over
R with smooth generic fiber such that X ~ Z. When such a X exists we say that Z
can be lifted to K.

One can try to lift naively Z by lifting defining polynomials.

Proposition 5.3.3. Let Z be a complete intersection in a projective space P}, then Z
can be lifted naively to K.

Remark 53. Note that in general (when Z is not a complete intersection), the naive
lifting X may not be flat over R.

Proposition 5.3.4. Any projective smooth curve or abelian variety over k can be lifted
to K.

By analogy with the lift of covers of curves (see 2.2.4), one would like to lift more than
only the abelian variety, namely its endomorphism ring.

Let suppose that k¥ = F, and denote by K = (, the unique unramified extension of
Q, of degree [k : F,]. We denote by R = Z, its ring of integers. We want to lift an
abelian variety A/k over K in such a way that we lift also its endomorphism ring. This
is not always possible : if A is a supersingular elliptic curve, its endomorphism ring is a
quaternion algebra, of rank 4 over Z when the maximal rank in characteristic 0 is 2.

Theorem 5.3.1 ([Mes72, V, Th.3.3, Cor. 3.4]). Let A/k be an ordinary abelian
variety (see 1.3.4 for ordinary). There ezists an unique —up to isomorphism— abelian
scheme AT over Spec(R) such that AT® k ~ A and

Endy (A1) ~ Endy(A).

We call AT the canonical lift of A.
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If f € Endg(A), we denote fT € Endg(A") its canonical lift.

Remark 54. This theorem was proved in the case of elliptic curves by par Deuring
[Deu4l] then generalized by Lubin, Serre and Tate [LST64].

Corollary 5.3.1. Let A be the dual abelian variety of A. Then (A)Jr ~ AT,
Moreover, all polarization of A defined over k (resp. principal polarization) can be lifted
to a polarization of AT defined over K (resp. principal polarization).

Over the finite field, the Frobenius endomorphism has the same action as the Galois
action of the Frobenius automorphism of k. If one denotes by o the Frobenius substi-
tution of Q,/Q,, which lifts the action of the Frobenius of k, o is not the lift of the
geometric action (because this one has now a non-trivial kernel !). However we have the
following corollary.

Corollary 5.3.2 ([Mes72, Appendix, Cor 1.2]). A" is the canonical lift of A iff
there exists Fr! : AT — 9(A") lifting Fr.
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Chapter 6

Tutorials

6.1 My first steps in MAGMA

To start : type magma (and return).

6.1.1 Useful tips

The most important thing is the help. There exist two sorts (three including me) :
the html files are the most convenient. They contain, besides the description of each
command, examples and even mathematical background. You can access commands by
theme (finite groups, commutative algebra, algebraic geometry) or through the index.
The second help is online : when you want information about a command, let’s say
RandomPrime, you type RandomPrime;.

A last tip before we start : there is a automatic completion with ‘tab’. This is useful
when you do not remember exactly the name : MAGMA follows very closely the exact
definition.

6.1.2 First steps

We will start with some examples that look really similar to MAPLE. To Evaluate an
expression you need to end it with ;. To define an object you write f:=.... As you may
see it does not display the result. To see it you have to write £ ;.

123 | 33
1. Compute 55 + 15--
2. Compute 2 + v/3. What is the precision ?

3. Compute 200! and factorize this number.

B

. Is 21233 4 321 prime ?

Some examples how to handle sets, sequences, lists :
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. Define the sets I = {1,4,10}, J = {2,4,8}. Do the following operations : I U J

and I NJ.

. Define the set P = {p /p < 100 prime}. How many elements in P ? Extract the

20th prime.

Create a random list of 100 integers between 10 and 2000.

6.1.3 Creation of basic fields and rings

Unlike MATHEMATICA /MAPLE, MAGMA require to define properly where you are
working. You cannot open a MAGMA section and write : f = 2% + 3;. MAGMA does
not know yet what is z. It is sometimes a bit tedious when you want to work with
polynomials in a lot of variables but the counterpart is that it allows much more objects
than the two others softwares : polynomials over extensions of finite fields or p-adic
fields, matrices with coefficients in function fields .... And it is much more accurate,
mathematically speaking !

Start with Q,R,C :

1.

2.

3.

4.

Define F = Q. Define its ring of integers (Z of course).

Define the real field F'R with precision 200. Create 7. Compute s = exp(mv/163) —
262537412640768744 in FR.

Compute s = v/5 +1/2 + 7. Find the possible minimal polynomial.

Create F'C = C. Compute the j-invariant associated to (1 +1iv/163)/2.

Very important fields for us are finite fields :

1.

2.

3.

Create the field F' = Fo3.
Add 20 and 5 in this field.

Create the field K = Fy35. What is a defining polynomial for this field ?

We will see more fields in the next sessions (in particular p-adics).
Now that we have defined some basic fields, we can construct objects on them. The
most important ones are the polynomials rings.

1.

2.

Create the polynomial ring R with variable z over Fs.

Create the polynomial f = 2% + 3z + 3. Evaluate f at 2. Is f irreducible ? What
is its splitting field 7 Call it F' < w >.

Create the polynomial ring R2 with variable y over F. Create the polynomial
g = vy® + wy + 4. Compute the resultant of f and g.
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4. Create the polynomial ring P with variables u,v over F. Let s; = u® 4+ v3 — 3u? +
wvu and sy = u® + w + v3. Extract the coefficient of uv in ;.

5. Compute the resultant r of s; and so wrt v. Find its factorization over F. Create
the extension of F' defined by one of the irreducible factors of degree 4.

Remark 55. You can recall information about the objects you have created : try
Parent (r) ; for example.

6.2 Geometry

Now that we have seen the basics objects, we are going to focus on algebraic geometry
and more specifically on curves.
Let’s start with an easy example :

1. Define the polynomial ring P with variables x,y, z over [Fy;.

2. Define the polynomial f = z3y + y32z + 23z.

3. Define the projective space associated to P.

4. Define the curve C: f = 0.

5. Is the curve irreducible/absolutely irreducible ?

6. Is the curve singular 7

7. What is the genus of C' 7

8. Find the set S of flexes of C.

A less straightforward example is the following.

1. Define the polynomial ring R with variables z,vy, z,u, v over the rationals.

2. Define the 3 homogeneous polynomials f1, f2, f3 :
fl=2+y*+22 —w

f2=azu—yv
3 =222 + 3% — 2y + u® + v?

3. Define the projective space associated to R
4. Define the Scheme C : f; = fo = f3 = 0.

5. What is its dimension ?

6. Is it singular 7
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7. What is its genus (caution : MAGMA can only compute genus of plane curves).
Let’s finish the geometry part with a singular example.

1. Define the curve C/Q: 'z + 223zy + 2322 — 5xy32 = 0.

2. What are the singular points of C over Q (which multiplicity ?) ? Over Q ?

3. Reduce the curve modulo 7. Has it more rational singularities 7

There are also particular family of curves for which MAGMA has already more com-
mands available. Among them elliptic curves, hyperelliptic curves and modular curves.

1. Create the elliptic curve E/Q: y? = 23 + 3z + 5.
2. What is its rank ? Find a generator P of the Mordell-Weil group.
3. Compute 3P.

4. Create the hyperelliptic curves C;/Q : 42 + (22 + 1)y = 25+ 3z + 1 and Cy/Q :
y? + (22 — 27 + 2)y = 2% — 5z? + 1023 — 1022 + 8z — 3.

5. Are they isomorphic over QQ ?

6.3 Arithmetic

Now we are about to introduce arithmetic over finite fields. The most important thing
is to be able to compute the Frobenius polynomial.

1. Take the quartic C defined in the previous section.
2. What is its number of points over Fyq,Fy12,Fjq3 7

3. Compute the Frobenius polynomial. One may use the following formulas. If
X(T) = ) cog—iT" is the Frobenius polynomial of a curve C/F,, define N; =
|C(F,i)| — ¢* — 1, then

cChy = 1,
1 = Nla
¢ = (N,—i— Z Ck'Nj)/i’ 1=2,...,0,
j+k=i
1<7,k<i—1
Cog—i = qg_ici, iZO,...,g—l

4. Define F the function field associated to C. Find again (and quicker) the charac-
teristic polynomial.
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5. Is Jac(C) simple ?

6. Consider the singular curve C/F; : z*z + 223zy + 2322 — bzy®z +y® = 0. What is
the genus of a model 7 What is its characteristic polynomial 7

7. Is the Jabobian simple/ absolutely simple 7

6.4 More advanced examples

6.4.1 p-rank

e For 11 < N <30 and 2 < p < 100 prime not dividing IV, give statistics about the
repartitions of the p-rank of the reduction modulo p of X¢(N).

e This is a problem by R. Pries. Let p > 7 a prime number and E;/Fp» : y? = z(x—
1)(z — A\;) the (p — 1)/2 supersingular elliptic curves. For each triple {A1, A2, A3}
we define the genus 2 curve C : 2 = z(z — 1)(z — A1) (z — A2)(z — )3).

1. How is the repartition of the p-rank of these curves 7

2. Is there something interesting to say ?

6.4.2 Automorphisms
Let G, H, M be the following matrices
¢t 0 0 010 _1 (—¢% ¢*-¢° ¢33
G=| o o) m={001 ) M=—|C-C ¢ (-
0 0 ¢ 100 Vig-¢ ¢-¢ -0

where ( is a 7th root of unity.
Show that the automorphisms of P? given by these matrices are automorphisms of the
Klein’s quartic 23y + y3z + 23z = 0. What is the order of the group generated by these

matrices ?
6.4.3 Maximal curves
1. Verify the value of Ny(g) for g =1,2,3 and ¢ = 2,4,8,3,9.

2. Construct a genus 5 curve over F3 with 13 rational points.

6.4.4 Cryptography

1. Implement the genus 1 AGM algorithm to compute the number of points on an
elliptic curves over Fon . Give a bench of times.

2. Create a genus 3 curve C over k = Fy7. Compute the order N of J = Jac(C)(k).
Take a rational divisor D on C and verify that N - D ~ 0.
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